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ABS TRACT 

The l a w s  of  t u r b u l e n t  f low i n  smooth p i p e s  i n  t h e  
wides t  p o s s i b l e  range  of Reynolds numbers were determined 
by means of  an  experimental  s e t u p  wherein t u r b u l e n t  water 
f lows i n  c i r c u l a r  p i p e s  could be observed up t o  R e  3240*103. 
It w a s  shown t h a t  t h e  v e l o c i t y  d i s t r i b u t i o n  changes wi th  
t h e  R e  number, 
ment w i t h  t h o s e  r epor t ed  by Bazin and Stan ton .  The ex- 
ponent n of P r a n d t l ' s  exponen t i a l  l a w  had t h e  f i x e d  v a l u e  
of  n = 1 / 7  i n  t h e  B las ius  range  of d rag  up t o  R e  100*103.  
A t  ve ry  low R e  t h e  exponent w a s  l a r g e r .  Above R e  100*103 
t h e r e  i s  a lowering o f  t he  exponent.  Turbulen t  exchange 
magnitudes vere determined as a f u n c t i o n  of  w a l l  d i s t a n c e .  
Above R e  100*103  t h e  d i s t r i b u t i o n  of t h i s  magnitude over  
t h e  c r o s s  s e c t i o n  i s  independent of t h e  R e  number. Meas- 
ured v e l o c i t y  d i s t r i b u t i o n s  and l a w  of d rag  w e r e  compared 
w i t h  v Karman's d i s t r i b u t i o n s  and were found t o  b e  i n  good 
agreement a t  h igh  R e  where t h e  i n f l u e n c e  of v i s c o s i t y  i s  
absen t .  

dx au  
t h e  B l a s i u s  d rag  formula X = 0.316 i s  confirmed up t o  R e  

= 100*103.  
X = 0.0032 + 0.221. 

v e l o c i t y  ij and maximum v e l o c i t y  U are  determined and 
c e r t a i n  conc lus ions  wi th  r e f e r e n c e  t o  t h e  v.  Karman d rag  
formula and t h e  p r e s e n t  one a re  drawn. 

Measured d i s t r i b u t i o n s  were i n  good agree-  

I f  h = c l ~  2 is  t h e  p i p e  c o e f f i c i e n t  of  d r a g ,  

B Re1/4  
For h i g h e r  Re t h e  d rag  c o e f f i c i e n t  becomes 

C o r r e l a t i o n s  between t h e  average  
. R e o .  237 

I n t r o d u c t i o n  

U n t i l  now t h e  exper imenta l  knowledge of t u r b u l e n t  f low,  which h a s  
s u b j e c t  of  numerous s t u d i e s ,  w a s  s t i l l  n o t  s u f f i c i e n t  t o  produce a sat  
theo ry  of  t u rbu lence .  The o l d e r  s tud ies ,which  were p r i m a r i l y  aimed a t  

b een t h e  /1* 
s f a c t o r y  
t h e  laws 

of f low r e s i s t a n c e  i n  p i p e s ,  could satis-fyl  n e i t h e r  tcp. t h e o r e t i c i a n  no r  t h e  
p r a c t i c i a n .  The r e s u l t s  of t h e s e  experiments  rcrn-liner! u n c l e a r  as long  as they  
were n o t  r e l a t e d  t o  t h e  p h y s i c a l l y  c o r r e c t  parameter, t o  t h e  Reynolds number 
(Re). I n  many cases no c o n s i d e r a t i o n  w a s  giver.  LC .-fie f 3 c t  t h a t  t h e  v e l o c i t y  

*Numbers g iven  i n  t h e  margin i n d i c a t e  t.h.2 paginat. : ,_.  .. i n  t h e  o r i g i n a l  f o r e i g n  
t e x t .  
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d i s t r i b u t i o n  i n  t h e  p i p e  developed on ly  a f t e r  a long  " s t a r t i n g  zone". 
B l a s i u s  ( r e f .  1) succeded i n  a r r ang ing  t h e  exper imenta l  m a t e r i a l  on flow i n  
smooth p i p e s  from t h e  p o i n t  of view of  s i r n i l a r i t y .  H e  ob ta ined  an e m p i r i c a l  
formula  t h a t  r e p r e s e n t s  t h e  l a w  of dra; f a i r l y  a c c u r a t e l y  i n  a range  of Reyn- 
o l d s  number t o  about R e  = & = 100.10.' (ti = ave rage  v e l o c i t y ,  d = p i p e  diam 

e te r ,  v = kinemat ic  v i s c o s i t y ) .  For s e t t i n g  up h i s  drag  formula B l a s i u s  used 
t h e  exper iments  of Saph and Schoder, ( r e f .  2) who worked w i t h  water and meas- 
u red  t h e  p r e s s u r e  l o s s  i n  1 5  drawn b r a s s  p i p e s  w i t h  d i ame te r  d = 2.77  mm t o  1 

53 mm i n  t h e  range  of  Reynolds number from R e  = 1 . 4 0 1 0 ~  t o  104*103:  B l a s i u s  
found t h e  formula X = 64/Re f o r  laminar  f low and X = 0.316 R e  f o r  t u r b u l e n t  
f l ow ( A =  drag  c o e f f i c i e n t ) .  The exper iments  of  Saph and Schoder show t h a t  t h e  
t r a n s i t i o n  of laminar  flow t o  t u r b u l e n t  f low t a k e s  p l a c e  a t  about  R e  = 2000 
and 3000. I n  a d d i t i o n  t o  t h e  experiments w i t h  w a t e r  of Saph and Schoder, 
B l a s i u s  used t h e  exper iments  of N u s s e l t  ( r e f .  3) f o r  drawing up h i s  l a w  of  
s i m i l i t u d e .  Nusse l t  s t u d i e d  t h e  p r e s s u r e  l o s s e s  f o r  t h e  flow of  compressed a i r  
i n  a p i p e  w i t h  d i a m e t e r  d = 2.201 cm. When t h e  d r a g  c o e f f i c i e n t  i s  c a l c u l a t e d  
from t h e s e  exper iments  and p l o t t e d  a s  a f u n c t i o n  of  t h e  Reynolds number, t h e  - 
same r e s u l t s  are o b t a i n e d  as those  t h a t  w e r e  o b t a i n e d  from t h e  exper iments  of 
Saph and Schoder. N u s s e l t ' s  va lues ,  which l i e  i n  t h e  range  of Reynolds number 
6 * 1 0 3  t o  about 150*103  a g r e e  ve ry  w e l l  w i t h  t h e  r e s i s t a n c e  formula of  B l a s i u s .  
Thereby t h e  s i m i l a r i t y  f o r  d i f f e r e n t  f l u i d s ,  water and a i r ,  i s  confirmed. 
B l a s i u s  a l s o  used t h e  exper iments  of Lang, which w e r e  made i n  a copper p i p e  of 
d = 6 mm up t o  Reynolds number R e  = 3 2 6 0 1 0 ~ .  The purpose of t h e  exper iments  
w a s  t o  make a ccmparison between high v e l o c i t l e s  w i t h  small p i p e  d i ame te r  on 
t h e  one hand arid low v e l o c i t i e s  wi th  l a r g e  p i p e  d i ame te r  on t h e  o t h e r  hand. 
T h i s  comparison l e d  t o  a v e r y  s a t i s f a c t o r y  conf i rma t ion  of  t h e  l a w  of  s i m i l i t u d e .  

H. 

V 

i 

A f t e r  t h e  drawing up of t h e  l a w  of  s i m i l i t u d e ,  Ombeck ( r e f .  4 )  set h imsel f  
t h e  t a s k  of  de te rmining  t h e  dependence of t h e  d rag  c o e f f i c i e n t  on t h e  Rsynoids 
number from exper iments  w i th  a i r  over a l a r g e  range  of Reynolds numbers, a r d  
the reby  v e r i f y i n g  t h e  formula of B las ius .  The exper iments  were c a r r i e d  ou t  i n  
c i r c u l a r  p i p e s  made of  d i f f e r e n t  m a t e r i a l s  and of d i E f e r e n t  d i ame te r s  (d = 
2.004 c m  t o  d = 1 0  cm), and extended t o  about R e  = 4 5 0 ~ 1 0 ~ .  From t h e s e  ex- 
pe r imen t s  Ombeck ob ta ined  a formula similar t o  t h a t  of B l a s i u s ,  w i t h  i n s i g -  
n i f i c a n t  d e v i a t i o n s .  These l i e ,  a s  Ombeck h imsel f  s t a t e s ,  i n  t h e  u n c e r t a i n t y  
of  t h e  de t e rmina t ion  of  t h e  k i n e t i c  v i s c o s i t y .  Cons ider ing  t h e  c i rcumstance ,  
h e  found a good agreement w i t h  t h e  B l a s i u s  formula  up t o  R e  = 100*103.  

For t h e  purpose of  v e r i f y i n g  t h e  l a w  of s i m i l i t u d e ,  S t an ton  and P a n n e l l  
(ref. 5) performed numerous experiments i n  c i r c u l a r  p i p e s  w i t h  d i f f e r e n t  
d i a m e t e r s  (d = 0.361 cm t o  d = 12.62 cm) w i t h  water and a i r  a t  d i f f e r e n t  t e m -  
p e r a t u r e s .  The exper iments  w e r e  i n  the r ange  of Reynolds numbers 2 .2*103 t o  
4 3 0 0 1 0 ~ .  The r e s u l t s  of t h e s e  experiments confirmed t h e  law of s i m i l i t u d e  /2 
i n  t h e  b e s t  way: 
w i t h  t h o s e  of B l a s i u s .  
l i n e  w a s  observed w i t h  i n c r e a s i n g  Reynolds number. Lees ( r e f .  6) used t h e  
S tan ton-Pannel l  r e s u l t s  as  t h e  b a s i s  f o r  drawing up h i s  e m p i r i c a l  formula f o r  

up t o  Reynolds number 1 0 0 - l C 3  t h e  t e s t i n g  p o i n t s  were '  i n  l i n e  
Beyond t h a t  an i n c r e s s i q  d i v i , t i o n  upward from t h e  

t h e  l a w  of r e s i s t a n c e  and found A = 0.0714 + --- 0 6104 
.n (1.35 
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Jakob and Erk ( r e f .  7)  c a r r i e d  o u t  exper iments  w i th  water on t h e  p r e s s u r e  

Within t h e  
d rop  i n  r e l a t i o n  t o  throughput i n  drawn brass p i p e s  of d iameter  d = 7 cm and 
1 0  c m  i n  t h e  range  of  Reynolds numbers between 8 6 ~ 1 0 ~  and 462-103.  
d i s t r i b u t i o n  of t h e  t e s t i n g  po in t s  about  1% confirmed t h e  measurements of 
S t a n t o n  and Panne l l .  Jakob and Erk d e r i v e d  a d rag  formula from t h e i r  own ex- 
pe r imen t s  which a g r e e s  a lmost  p r e c i s e l y  w i t h  t h a t  of Lees. 

Of more r e c e n t  exper iments ,  t h o s e  of Hermann ( r e f .  8) on t h e  l a w  of re- 
s i s t a n c e  i n  a s t i l l  g r e a t e r  range of Reynolds numbers must b e  mentioned: 
Hermann c a r r i e d  o u t  t h e  experiments w i t h  water i n  a copper p i p e  of d i ame te r  d 
= 5 c m  and a b r a s s  p i p e  of diameter d = 6.8 cm i n  t h e  range  of Reynolds numbers 
between 2 0 * 1 0 3  and 1900-103  and s t a r t i n g  zones between 88 and 600 p i p e  r a d i i .  
H e  s t u d i e d  t h e  dependence of  t h e  drag  c o e f f i c i e n t  on t h e  Reynolds number and 
f o r  s h o r t  s t a r t i n g  zones and low Reynolds numbers he  found a good agreement 
w i t h  t h e  l a w  of  d rag  which Stanton and P a n n e l l  and Jakob and Erk and o t h e r s  
p r e v i o u s l y  had e s t a b l i s h e d .  Hermann observed a s t a r t i n g  e f f e c t  (dec rease  of 
d r a g  c o e f f i c i e n t  w i t h  t h e  s t a r t i n g  zone) w i t h  a s t a r t i n g  d i s t a n c e  of up t o  
600 p i p e  r a d i i :  i n  a d d i t i o n  he  obta ined  an  i n c r e a s e  i n  t h e  s t a r t i n g  zone w i t h  
i n c r e a s i n g  Reynolds number. The exper imenta l  r e s u l t s  show t h a t  approximate ly  
200 r should  b e  cons ide red  as t h e  s t a r t i n g  zone. Hermann de r ived  from t h e s e  
exper iments  a formula which i s  analogous t o  t h a t  o f  Lees. A t  t h e  end he  p r e -  
sents a t a b l e  f o r  convers ion  of t h e  d rag  c o e f f i c i e n t  f o r  any s t a r t i n g  zone be- 
tween 88 and 600 r a d i i .  L. Schiller ( r e f .  9),under whose d i r e c t i o n  Hermarin 
worked, r e p o r t e d  i n  1929 i n  Aachen a t  t h e  Congress f o r  Aerodynamics and Re la t ed  
S u b j e c t s  about  t h e  r e s u l t s  c i t e d  above, whereby i t  turned  o u t  t h a t  t h e  d r a z  co- 
e f f i c i e n t s  above t h e  h i g h e s t  Reynolds numbers reached by Stan ton  and P a n n e l l  
and Jakob and Erk were s u b s t a n t i a l l y  h i g h e r  t h a n  t h o s e  found a t  Gdt t ingen .  The 
h i g h e r  r e s f s t a n c e  a p p a r e n t l y  showed t h a t  Hermann had a r o t a t i o n  i n  h i s  tes t  
p i p e  which caused an  i n c r e a s e  i n  drag .  Th i s  f a c t  induced L. P r z n d t l  ( r e f .  10) 
t o  sugges t  t h a t  a flow s t r a i g h t e n e r  be  b u i l t  i n t o  t h e  p i p e  i n t a k e  and t h e  
measurements be  r e p e a t e d .  The r e s u l t s  of t h e  check measurements, as r e p o r t e d  
by L.  S c h i l l e r  i n  a p o s t s c r i p t  t o  h i s  Aachen l e c t u r e ,  w a s  t h a t  t h e r e  w a s  no 
more s t a r t i n g  e f f e c t  a f t e r  250 p ipe  r a d i i  and t h a t  w i t h  a s h a r p  i n t a k e  no more 
s t a r t i n g  e f f e c t  w a s  t o  b e  observed a f t e r  a zone of 100 r ,  which a g r e e s  w i t h  t h e  
Gd t t ingen  measurements. 
Gd t t ingen  measurements, no t  publ i shed ,  show about s t a r t i n g  d i s t a n c e  t h a t  t h e r e  
i s  no s t a r t i n g  e f f e c t  from 100 r on w i t h  a rounded i n t a k e  e i t h e r .  

Here i t  must a l s o  be  mentioned t h a t  t h e  e x t e n s i v e  

Among t h e  f i r s t  good experiments on t h e  v e l o c i t y  d i s t r i b u t i o n  of t u r b u l e n t  
f l ows  are t h o s e  of  S tan ton  ( r e f .  11 ) .  The measurements were made w i t h  a i r  i n  
p i p e s  of  500 c m  l e n g t h  and a diameter d = 4.93 c m  and d = 7.4 c m  and extended 
o v e r  t h e  Reynolds numbers between 1 4 * 1 0 3  and 60*103. Data about  t h e  p r e s s u r e  
g r a d i e n t  a t  which t h e  v e l o c i t y  d i s t r i b u t i o n  w a s  recorded  are mis s ing .  A f u r -  
t h e r  similar measurement w i t h  water w a s  nlade by t h e  a u t h o r  ( r e f .  12)  i n  a 
c i r c u l a r  p i p e  of 2.8 cm d iame te r  a t  a Reynolds num$e-; of  about 180-103.  Fur- 
thermore ,  measurements ex is t  on t h e  v e l o c i t y  d i s - r i t u i i o n  i n  channe l s  and p i p e s  
of non-c i r cu la r  c r o s s  s e c t i o n ,  which are n o t  r e l a t e d  t o  t h i s  work. 

From t h e  works c i t e d  one w i l l  see  ch2.r t h o  expe r i - . en ta l  f i n d i n g s  a re  n o t  
adequa te  t o  c l a r i f y  t h e  tu rbu lence  problem. For Lnis r eason  w e  had set our- 
selves t h e  t a s k  a t  Gd t t ingen ,  t o  expand t h e  e x i s t i n g  i n v e s t i g a t i o n s  i n  two d i -  
r e c t i o n s :  on t h e  one hand t o  extend t h e  scope  of t h e  exper iments  t o  v e r y  h igh  

3 



., 
Reynolds numbers and on t h e  o t h e r  'nand i n  a d d i t i o n  t o  a s c e r t a i n i n g  t h e  l a w  of 
d rag  a l s o  t o  c l a r i f y  t h e  v e l o c i t y  d i s t r i b u t i o n s ,  t h e  knowledge of which i s  of 
g r e a t  importance t o  t h e  s tudy  of t u r b u l e n t  f low,  i n  r e l a t i o n  t o  t h e  Reynolds 
number. We have c a r r i e d  out  a l a r g e  s e r i e s  of experiments  on t h e  v e l o c i t y  d i s -  
t r i b u t i o n  and p r e s s u r e  drop i n  smooth p i p e s  w i t h  t h e  h i g h e s t  a t t a i n a b l e  meas- 
u r i n g  accuracy  and i n  as l a r g e  a range of Reynolds numbers as p o s s i b l e .  
Through s u i t a b l e  i n t e r p r e t a t i o n s  we have succeeded i n  showing: 

1. which l a w s  e x i s t  i n  t h e  r e l a t i o n s h i p  between d rag  and v e l o c i t y  

2. by which formulas  t h e  drag l a w  and t h e  l a w  f o r  v e l o c i t y  d i s t r i b u t i o n  

3. which l a w s  apply  t o  t h e  exchange magnitude and t h e  P r a n d t l  mixing 

d i s t r i b u t i o n .  

can  b e  expressed .  

p a t h  theory .  

In t h e s e  i n v e s t i g a t i o n s  f u l l  u se  w a s  made of t h e  t h e o r e t i c a l  r e s u l t s  of 
Karman's c o n s i d e r a t i o n  of s i m i l i t u d e  ( r e f .  1 3 ) .  The experiments  confirmed 
t h e s e  r e s u l t s  ve ry  w e l l  above t h e  l i m i t  a t  which t h e  i n f l u e n c e  of v i s c o s i t y  on 
t h e  t u r b u l e n c e  phenomena d i sappea r s .  

The experiments  ( r e f .  14 )  were c a r r i e d  ou t  du r ing  1928/29 a t  t h e  Kaiser 
Wilhelm I n s t i t u t  f u r  Strdmungsforschung under  t h e  d i r e c t i o n  of  Prof .  D r .  L. 
P r a n d t l .  The t h e o r e t i c a l  t rea tment  o f  t h e  exper imenta l  r e s u l t s  could  n o t  be  
completed u n t i l  t h e  summer of 1931. The exper imenta l  i n s t a l l a t i o n  and appEra- 
t u s  w e r e  b u i l t  i n  t h e  shops of t h e  Ka i se r  Wilhelm I n s t i t u t  f u r  Str8mungsforsch- 
ung . 

I should  l i k e  t o  expres s  i n  t h i s  p l a c e  my h e a r t f e l t  thanks  t o  my h i g h l y  
r e s p e c t e d  c h i e f  Prof .  D r .  L. P r a n d t l ,  who suppor ted  m e  a t  a l l  t i m e s  w i t h  h i s  
v a l u a b l e  counse l .  

I. Experimental  Pa r t  - / 3  

1. Apparatus  

Three  d i f f e r e n t  exper imenta l  i n s t a l l a t i o n s  were used f o r  t h e  s tudy  of f low 
phenomena i n  c i r c u l a r  p i p e s ;  

a) 
w a s  used,  which t ank  w a s  f e d  from t h e  water supply ;  

b) 
by means of a r o t a r y  pump; 

c) 
s t o r e d  i n  t h e  t ank  w a s  d r i v e n  o u t  by means of c m p r e s s d  a i r ;  

d )  With t h e  l a s t  two i n s t a l l a t i o n s  t h e  Reynvids number w a s  f u r t h e r  i u -  
c r e a s e d  by r a i s i n g  t h e  t e m  e r a t u r e  of t h e  w a t e r ,  whereby i n  t h e  3rd  case a max- 
imum v a l u e  of R e  = 3300.10 could  be reached.  

For l o w  Reynolds numbers of about  3 0 1 0 ~  t o  6 0 0 1 0 ~  a t ank  w i t h  over f low 

For h i g h e r  Reynolds numbers t o  about  1400*103 t h e  water w a s  c i r c u l a t e d  

To r each  s t i l l  h i g h e r  Reynolds ncimbers t o  about  2500.103 t h e  water 

f3 

R e  a) :  As a p e r f e c t l y  cons t an t  water column w i t h  s m a l l  throughput  q u a n t i t y  
such as  i s  r e q u i r e d  a t  lower Reynolds numbers w a s  d i f f i c u l t  t o  o b t a i n  wi th  a 
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r o t a r y  pump a lone ,  t h e  fo l lowing  arrangement w a s  made. 
a f e e d  p i p e  g (F ig .  1) from t h e  water s y s t e m  i n t o  t h e  open water t ank  &. 
With t h e  o u t l e t  v a l v e  
as t h e  water i n  t ank  &. 
of water than  flowed o u t  through the  t es t  p i p e  x, t h e  excess  water w a s  de- 
l i v e r e d  through t h e  ascending  p i p e  = t o  t h e  c o l l e c t i n g  v e s s e l  ft from which 
i t  w a s  c a r r i e d  o f f  through o u t l e t  pipe fr, s o  t h a t  a cons t an t  water l e v e l  w a s  
o b t a i n e d .  
ener gL w a s  b u i l t  i n t o  t h e  c y l i n d r i c a l  p a r t  of t h e  o u t l e t  from water t ank  &. 
This  w a s  t o  p reven t  t h e  g r e a t  v o r t i c i t y , w h i c h  w a s  caused i n  t h e  water t a n k  by 
the i n f l o w i n g  water, from be ing  cont inued  i n  t h e  test  pipe.  

 conical p a r t  of t h e  o u t l e t  t h e  water  r e c e i v e d  a n  a c c e l e r a t i o n  which had a f u r -  
t h e r  s t a b i l i z i n g  e f f e c t .  The water w a s  t hen  brought  through a p i p e  = of  25 
c m  d i ame te r  and 250 c m  l e n g t h  t o  t h e  head of  t h e  test p ipe .  T e s t  p i p e s  of t h e  
f o l l o w i n g  s i z e s  w e r e  used (Table 1). 

The water f lows  through 

open t h e  water rises i n  t h e  ascending p i p e  str as h igh  
AS t h e  feed p i p e  d e l i v e r e d  a somewhat g r e a t e r  amount 

I n  o r d e r  t o  g e t  a uniform f low of water i n  t h e  test p i p e  a s t r a i g h t -  

Through t h e  

Table  1 

Dimensions of  t h e  T e s t  P ipes  

mm mm 

10 550 
20 1 , 330 
30 1,960 
50 3 , 300 

LOO 4 , 000 

500 500 450 
500 500 170 
500 500 40 

1,000 1 , 000 70 
1 , 500 1 ,000  550 

X - X Desig- 
mm d n a t i o n s  

i 

1 
2,000 200 v r  
2,500 
3,000 
6 , 000 

, 1 7 ,050  70.5 v r  5 

d = i n t e r n a l  d i ame te r  of p i p e ;  1, = l e n g t h  of  i n t a k e ;  l1 = measuring 
s e c t i o n  I; 1 1 ~  = measuring s e c t i o n  11; 1, = l e n g t h  of o u t l e t ;  x = 
t o t a l  l e n g t h ;  5 = r e l a t i v e  t o t a l  l e n g t h .  

d 

I n  o r d e r  t o  o b t a i n  a uniform i n t a k e  i n t o  t h e  test  p i p e ,  f e e d  p i p e  t o  
t h e  test  p i p e  i s  c o n i c a l l y  narrowed i n  a l l  tests, t o  t h e  d i ame te r  of  t h e  test  
p i p e .  I n  t h i s  reducing  p i e c e  & (Fig.  4 )  [ i .e. 5 3 t h e r e  w a s  a sharp-edged 
c o n s t r i c t i o n  du r ing  t h e  tests w i t h  over f low,  which should gua ran tee  a t u r -  
b u l e n t  f low even w i t h  t h e  lowes t  Reynolds numbers s t u d i e d .  
w a s  mounted a t  t h e  h i g h e s t  p o i n t  of t h e  f eed  p i p e  inmed ia t e ly  b e f o r e  t h e  
narrowing. The t e s t  p i p e  w i t h  t h e  v e l o c i t y  mehsuring a p p a r a t u s  was mounted on 
two c a r r i a g e s ,  which pe rmi t t ed  convenient  d i sp lacement  du r ing  conve r s ion .  The 
c a r r i a g e s  r a n  on t r a c k s  on t h e  edge w a l l  o f  t h e  supply  c a n a l .  I n  t h e  l o n g i t u -  
d i n a l  d i r e c t i o n  of t h e  c a r r i a g e  l a y  an  o p t i c a l  CT-ZC!: cn which t h e  r i d e r s  s t o o d ,  
which c a r r i e d  t h e  t e F t  p i p e  and made ar. -Ajustms-it i n  t h e  4 o r i z o n t a l  d i r e c t i o n  
p o s s i b l e .  
which w i l l  be d e s c r i b e d  i n  d e t a i l  below. Underneath, i n  t h e  supp ly  c h a n n e l &  

A r e l i e f  v a l v e  &I 

A t  t h e  end of t h e  t e s t  p i p e  W A S  t i l r  v e ? ~ p ; t j  measuring a p p a r a t u s ,  
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s tood  t h e  measuring t ank  mb (Fig .  4 )  [ i . e .  51. 

t 

c G 
Y 

R e  b ) :  For t h e  experiments  with c i r c u l a t i o n  (F ig .  2)  t h e  water w a s  t aken  

14 kV, speed v a r i a b l e  between 1120 and 

Coarse c o n t r o l  w a s  achieved through t h e  s tar ter  an o f  t h e  d r i v e  

from t h e  supply  cana l  & and conveyed t o  t h e  w a t e r  t ank  y& by t h e  r o t a r y  pump 
which w a s  d r i v e n  by a motor am (power: 
1900 rpm). 
supp ly  cana l .  
motor and t h e  s l i d e  v a l v e  & t h a t  was i n s e r t e d  between r o t a r y  pump & and 
w a t e r  t ank  wk. on 
t h e  v e l o c i t y  measuring appa ra tus  (Fig. 5 ) .  The r o t a r y  pump w a s  capab le  of 
m a i n t a i n i n g  a p r e s s u r e  up t o  2 a t m  on t h e  water s u r f a c e  i n  water t ank  &. The 
p r e s s u r e  w a s  genera ted  by t h e  water compressing t h e  a i r  p r e s e n t  i n  t h e  t ank  a- 
bove t h e  water. Genera l ly  a water column of 500 c m  w a s  main ta ined  (dimensions 
of  t a n k  wk; h e i g h t  6500 mm; d iameter  1500 mm). 
d e s c r i b e d  pe rmi t t ed  water f lows up t o  about  R e  = 1000*103 t o  be  c r e a t e d  a t  
normal tempera tures .  
arrangement f i r s t  desc r ibed .  

From t h e  water t ank  i t  re tu rned  through t h e  test p i p e  E t o  t h e  

The f i n e  adjustment  took  p l a c e  through a t h r o t t l e  v a l v e  

The t e s t i n g  arrangement j u s t  

The t e s t i n g  s e c t i o n  w a s  o the rwise  e x a c t l y  as w i t h  t h e  

- Re c):  The compressed a i r  i n s t a l l a t i o n  c o n s i s t e d  of a compressor capab le  
of  c r e a t i n g  a p r e s s u r e  of about  10 a t m  i n  t h e  p r e s s u r e  t ank  (F ig .  1). The 
p r e s s u r e  t ank  w a s  connected through an  Arca r e g u l a t o r  a w i t h  water t ank  &; t h e  
r e g u l a t o r ,  which w i l l  b e  d e s c r i b e d  i n  d e t a i l  below, provided f o r  c o n s t a n t  pres -  
s u r e  i n  t h e  d i s c h a r g e  0: water from t h e  w a t e r  t ank ,  A s  t h e  out f low t i m e  w a s  
l i m i t e d  ( s h o r t e s t  pe r iod  about  45 sec)  t h e  quick-ac t ing  v a l v e  & l o c a t e d  be- 
tween t h e  water t a n k  and t h e  t e s t  p ipe  provided f o r  qu ick  opening and c l o s i n g  
of  t h e  expe r imen ta l  passage.  
p re s sed  a i r .  About 0 .1  sec w a s  r equ i r ed  f o r  t h e  opening and c l o s i n g .  To pre-  
ven t  a reduced p r e s s u r e  from occuring i n  t h e  water p i p e  through t h e  c l o s i n g  of 
t h e  quick-ac t ing  valve, t h e  r e l i e f  va lve  E, which w a s  p laced  a t  t h e  highesr:  
p o i n t  of  t h e  f eed  p i p e  ~ 1 :  between the  quick-ac t ing  v a l v e  and t h e  t es t  p i p e ,  
p rovided  f o r  e q u a l i z a t i o n  wi th  t h e  ambient a i r .  A s  i n  t h e s e  tes ts  seasu re -  
ments were made i n  t h e  f r e e  j e t ,  t h e  v e l o c i t y  measuricg appa rz tus  ='.'7as open 
and a n  ascending  p i p e  
d e s t r o y e r  st, which w a s  mounted on a t h i r d  c a r r i a g e ,  and r e t u r n e d  t o  t h e  
supp ly  c a n a l  through d e f l e c t i o n  and q u i e t i n g  v e s s e l & .  
t h e s e  experiments  w a s  on ly  1500 mm long ,  due t o  l a c k  of space .  

The quick-ac t ing  v a l v e  w a s  c o n t r o l l e d  by com- 

w a s  placed on i t .  The f r e e  j e t  was caught by t h e  j e t  

The f eed  p i p e  i n  

- R e  d ) :  In  o r d e r  t o  reach  s t i l l  h i g h e r  Reynolds numbers t h e  k inemat ic  
v i s c o s i t y  v = e of t h e  water was reduced by i n c r e a s i n g  t h e  tempera ture .  
The same method w a s  a l s o  used i n  p a r t  f o r  t h e  measurements w i t h  c i r c u l a t i o n ,  
because  t h e  tests by means of t h i s  i n s t a l l a t i o n  r e q u i r e d  much less t i m e  and 
e f f o r t  t han  w i t h  t h e  l as t  mentioned test  arrangement.  The w a t e r  w a s  hea t ed  
w i t h  steam i n  a tank .  The tank  d e l i v e r e d  about  1.1 l i te r / sec  wa te r  a t  40" C. 
By r educ ing  t h e  amount d e l i v e r e d  t h e  water tempera ture  could  be  i n c r e a s e d  t o  ca  
95" C ,  which due t o  t h e  coo l ing  i n  t h e  t e s t i n g  a p p a r s t u s  corresponded t o  a 
t empera tu re  of about  40" C i n  t h e  test p ipe .  
t h e  h y d r a u l i c  l a b o r a t o r y  and discharged through a hose  zf i n t o  t h e  supply  c a n a l  - vk. 
numbers amounted t o  ';e = 1400*103 wi th  ':k ;scu.id i n s t a i l a t i o n  and R e  = 3 2 4 0 ~ 1 0 ~  
w i t h  t h e  t h i r d  i n s t a l l a t i o n .  
i s  seen  i n  F ig .  3 .  

- 14 

The lank YZS nex t  t o  t h e  w a l l  of 

A s  a r e s u l t  of  t h e  i n c r e a s e  i n  t h e  temperz ture  of t h e  water t h e  Reynolds 

A genera l  view of t k  i n s t a l l a t i o n  f o r  c )  and d)  
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2. Measuring Devices 

a )  Ve loc i ty  measuring appa ra tus  w i t h  t h r o t t l e  and swinging o u t l e t  

The v e l o c i t y  measuring appa ra tus  (F ig .  4 )  c o n s i s t s  of t h e  hous ing  E, t h e  
cove r  cl, t h e  s p i n d l e s  SJ and su, t h e  s l i d e  s c h l  and t h e  movable p i t o  tube  E. 
The hous ing  has  windows f on e i t h e r  s i d e  f o r  o b s e r v a t i o n  purposes .  There i s  a 
w a l l w  i n  t h e  middle,  which i s  t o  prevent  t h e  f l u i d  from f lowing  back i n t o  t h e  
measur ing  chamber. 
seal i s  o b t a i n a b l e .  

The cover  & i s  screwed r i g i d l y  t o  t h e  housing s o  a ready  
A v a l v e  2 i s  p laced  on t h e  cover  f o r  ven t ing .  

S p i n d l e s  2 and are provided f o r  moving t h e  p i t o  t u b e  and a t  t h e  same 
t i m e  t h e y  suppor t  s l i d e  s c h l .  
pushes  t h e  s l i d e  h o r i z o n t a l l y ;  i t  is tu rned  from t h e  o u t s i d e  and i s  s e a l e d  by a 
s t u f f i n g  box. The r e v o l u t i o n s  of s p i n d l e  9 are t r a n s f e r r e d  t o  a coun te r  z. 
This i s  s o  a r ranged  t h a t  t h e  r o l l  f o r  t h e  l as t  d i g i t  p o s i t i o n  ( u n i t  p o s i t i o n )  
i s  r i g i d l y  a t t a c h e d  t o  t h e  coun te r  s h a f t ,  so  t h a t  t h e  c o u n t e r  advances t h e  
u n i t s  i n s t e a d  of one number and consequent ly  t h e  second p l a c e  of  t h e  numbers 
i s  i n  t h e  u n i t  p o s i t i o n .  Thereby 0 .1  mm d isp lacement  can be  r ead  conven ien t ly .  
With t h e  movement of t h e  s l i d e  back and f o r t h  t h e  p i t a t t u b e  i s  s imul t aneous ly  
moved i n  t h e  same d i r e c t i o n .  

Sp ind le  2 h a s  a t h r e a d  of 1 mm p i t c h  and 

The ver t ica l  movements of  t h e  p i t o t t u b e  h o l d e r  ph are e f f e c t e d  by sp i r id le  
Through t h e  t u r n i n g  of  t h e  s p i n d l e  t h e  E, which h a s  no t h r e a d ,  b u t  a groove. 

worm g e a r s  are turned .  
and screws  t h e  p i t d t u b e  ho lde r  ph up and down w h i l e  i t  is  secured  a g a i n s t  
t u r n i n g  by t h e  gu ide  f l a n k s  fl. 
i n  the same manner as w i t h  s p i n d l e = .  

The worm wheel 2 h a s  an  i n t e r n a l  t h r e a d  w i t h  1 mm p i t c h  

The coun t ing  w a s  done by means o f  coun te r  zw2 

The t o t a l  p r e s s u r e  t o  b e  measured is  c a r r i e d  o u t s i d e  through t h e  p i t o  tube  
h o l d e r  ph on which p i t o t  t ubes  pt of v a r i o u s  d i ame te r s  can  b e  mounted, and 
through hose 5. A s  t h e  v e l o c i t y  d i s t r i b u t i o n  w a s  measured 0.1 t o  0.2 mm behind 
t h e  o u t l e t  end of  t h e  t es t  p i p e ,  t h e  s t a t i c  p r e s s u r e  must a l s o  be  measured i n  
t h i s  p l a n e  of  c r o s s  s e c t i o n ;  f o r  t h i s  r eason  a b o r i n g  s c h t  of about  0.8 mm diam 
w a s  made i n  t h e  f l a n g e  of  t h e  test p ipe .  T h i s  bo r ing  w a s  ca 2 mm from t h e  edge 
of  t h e  j e t .  The p r e s s u r e  p r e v a i l i n g  h e r e  w a s  e q u a l  t o  t h e  p r e s s u r e  a t  t h e  edge 
of t h e  j e t .  

In o r d e r  t o  b e  a b l e  t o  r e g u l a t e  t h e  throughput  q u a n t i t i e s  a c c u r a t e l y  a 
t h r o t t l e  v a l v e  & (F ig .  4 )  is  mounted on t h e  v e l o c i t y  measuring appa ra tus .  The 
p o s i t i o n  of t h e  t h r o t t l e  cone & can b e  a d j u s t e d  by means of t h e  screw s p i n d l e  
srso (Fig.  5) [i.e. 41 w i t h  measuring scale p&. 

The swinging o u t l e t  sch s e r v e s  t o  leLd t h e  l i q u i d  q u i c k l y  t o  a measuring 
t a n k  f o r  q u a n t i t y  measurement and a g a i n  t o  1eaa i t  c f f .  
p e r m i t s  i t  t o  be  swung v e r y  r a p i d l y .  

A b a l l  b e a r i n g  

The v e l o c i t y  measuring a p p a r a t u s ,  t h e  t h r o t t i e  d e v i c e  and t h e  swinging out- 
l e t  are mounted t o g e i h e r  and l i e  on a carr!,-lc.,e yg ( F i g .  ’;> [ i . e .  51 which i s  
l i k e w i s e  movable on t h e  t r a c k s  p rev ious ly  m e n t i o n 4 ,  i n  t h e  l o n g i t u d i n a l  d i -  
r e c t i o n  of t h e  supply  tank .  
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b)  Measuring Tank 

A c y l i n d r i c a l  measuring t ank  pb- (F ig .  5 )  w i t h  a c a p a c i t y  of about  700 
l i t e r s  w i t h  1000 mm d iameter  and 900 mm h e i g h t  w a s  used f o r  t h e  q u a n t i t y  meas- 
urement;  i t  could  be moved under the  swinging o u t l e t  &. A d r a i n  w i t h  s top -  
cock - ab  w a s  p l aced  i n  t h e  bottom of t h e  measuring tank .  Before t h e  d r a i n  cock 
t h e r e  w a s  i n s t a l l e d  a water-gauge glass w i t h  m i l l i m e t e r  g r adua t ion  f o r  read- 
i n g  t h e  water l e v e l  i n  t h e  t ank .  
- sf t o  make i t  a d j u s t a b l e  h o r i z o n t a l l y .  
f l o a t i n g  on t h e  water i n  t h e  measuring t a n k ,  which w a s  t o  damp t h e  o s c i l l a t i o n s  
of  t h e  water s u r f a c e ,  whereby t h e  t i m e  f o r  r e a d i n g  w a s  shor tened .  A smaller 
s i m i l a r  measuring t ank  of 1 7 8  mm d i a m e t e r  and 700 mm h e i g h t  w a s  used f o r  t h e  
measurement of smaller q u a n t i t i e s .  
e ter  of  t h e  measuring t a n k  t h e  h e i g h t  of r ise  of t h e  water level w a s  determined 
as a f u n c t i o n  of t h e  amount of water  ( c a  10  k g ) ,  former ly  e s t a b l i s h e d  by weigh- 
i n g .  

The n e a s u r i n g  t ank  s tood  on f o u r  screw f e e t  
A p e r f o r a t e d  round wooden d i s k  w a s  

For more exact a sce r t a inmen t  o f  t h e  diam- 

c) Micromanometer 

The accuracy  of r ead ing  t h e  o r d i n a r y  w a t e r  manometer w a s  n o t  s u f f i c i e n t  
f o r  t h e  s m a l l  p r e s s u r e  d i f f e r e n c e s  t h a t  occur red .  An i n s t rumen t  had t o  b e  
c r e a t e d  whose r e a d i n g  accuracy  m e t  o u r  demands bu t  which a l s o  a t  t h e  same t i m e  
cou ld  b e  used f o r  h i g h  p r e s s u r e s .  T h i s  problem w a s  so lved  as f o l l o w s  f o r  pres -  
s u r e s  from 0.02 t o  abobt  500 mm water column. I n  a v e r t i c a l  g l a s s  t u b e  w i t h  
t h r e e  s topcocks  h l ,  h2 ,  h 3  (F ig .  6) two g l a s s  t ubes  are  fused  i n  between sve ry  
two cocks.  Between t h e  two f r e e  upper l e g s  of  t h e s e  tubes  a T p i e c e  wi th  120" 
a n g l e  between t h e  l e g s  w a s  fu sed  in  so  t h a t  one l e g  s tood  v e r t i c a l l y  upwards. 
T h i s  end of  t h e  T p i e c e  cou ld  b e  c losed  by a s topcock  h5. The s topcock  h4 i n  
a n o t h e r  l e g  of t h e  T p i e c e  pe rmi t t ed  t h e  b reak ing  of t h e  connec t ion  betweerr 
t h e  two g l a s s  t ubes .  
c l o s e d  by pinchcocks.  When t h i s  device  i s  t o  b e  used as a water manometer, t h e  
two p r e s s u r e  l i n e s  a r e  c l o s e d  a t  a1 and a2 and t h e  s topcocks  h i ,  h2 and h4 are  
opened. 
opened a t  h3. 
t h e  water manometer and h4 w i t h  t h e  mercury manometer. 
l e n g t h  of  about  500 mm. An i n c r e a s e  i n  t h e  accuracy  of measurement w a s  ach ieved  
through a r ead ing  microscope mi. On a s o l i d  b a s e p l a t e  of b r a s s  a s q u a r e  pre- 
c i s i o n  t u b e  i s  r i g i d l y  mounted, on which t h e  two s l i d e s  & a r e  movably a r ranged .  
Each s l i d e  c a r r i e s  a r ead ing  microscope w i t h  c r o s s  h a i r s .  
t e d  by r a c k  and p in ion .  
disengaged makes p o s s i b l e  a p r e c i s e  f i n e  ad jus tmen t .  
t h e  scale 
d i v i s i o n  i n  f i f t i e t h s .  
t h e  v e r n i e r .  The i l l u m i n a t i o n  i s  e f f e c t e d  by t h e  s t r i p  lamp (F ig .  6) which /6 
is  movably p l aced .beh ind  a pane of f r o s t e i !  g k s s  s. By means of a d j u s t a b l e  
s h i e l d s  E (F ig .  7) t h e  zone of t he  meniscus under c 5 s p r v a t i o n  is  darkened, s o  
i t  i s  c o n t r a s t e d  b l a c k  a g a i n s t  t h e  i l l u m i n a t e d  f r o s t e d  glass. The manometer 
can  b e  a d j u s t e d  by means of l e v e l  and r e g u l a t i n l  screws t o  be p r e c i s e l y  v e r t i s  
cal .  

The f r e e  ends a 3  and a4 of t h e  g l a s s  t ubes  could  be  

With mercury f i l l i n g  t h e  p r e s s u r e  l i n e  i s  c losed  a t  a 3  and 24 and 
For checking t h e  zero p o i n t  du r ing  o p e r a t i o n  h3 is opened w i t h  

The r ead ing  zone h a s  a 

The moving i s  e f f e c -  
The worm d r i v e  sn (F ig .  7) which can be  engaged and 

The lower s l i d e  carr ies  

A swingable magnifying g l a s s  & i s  p laced  i n  f r o n t  of  
w i t h  m i l l i m e t e r  g r a d a t i o n ,  t h e  upper one carries t h e  v e r n i e r  2 w i t h  

8 
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d! Arca Regulator  

The Arca r e g u l a t o r ,  a p r e s e n t  from t h e  f i r m  Arca-Regler AG, B e r l i n  W 3 ,  
m a i n t a i n s  t h e  d e s i r e d  p r e s s u r e  i n  t h e  water  tank .  The mode of o p e r a t i o n  is  as 
f o l l o w s .  The water p i p e  i s  connected a t  &. A branch 11 l e a d s  through choke 
- d r  which r e g u l a t e s  t h e  throughput .  
th rough p i p e  l2 t o  t h e  poppet va lve  t, which c l o s e s  wi th  h igh  p r e s s u r e  i n  t h e  
water t ank  and opens a g a i n  wi th  low p r e s s u r e .  The t e n s i o n  s p r i n g  sf permi t s  
ad jus tmen t  t o  a s p e c i f i c  p r e s s u r e  p r i o r  t o  t h e  beginning  of  t h e  experiment .  I 

The membrane bel lows & t r a n s m i t s  t h e  p r e s s u r e  by means of l e v e r  h t o  poppet 
valve e. a l s o  
opens.  
now no longe r  b locked ,  p i s t o n  ko is f o r c e d  upward by p i s t o n  s p r i n g  kf and w i t h  
i t  t h e  c o n t r o l  p i s t o n  e. 
l i f t i n g  p i s t o n  E. The w a t e r  p r e s s u r e  now raises t h e  l i f t i n g  p i s t o n  and the re -  
by t h e  r e g u l a t o r  v a l v e  = l i f t s ,  by which t h e  connec t ion  between compressed a i r  
t ank  dk and water t ank  & i s  aga in  e s t a b l i s h e d .  
s u r e  i s  a g a i n  reached i n  water tank wk, t h i s  ac t s  through t h e  msmbrane be l lows  
and t h e  poppet v a l v e  c l o s e s .  
es and p r e s s e s  t h e  l a t t e r  downward. Then t h e  water flow under l i f t i n g  p i s -  
t o n  & i s  a g a i n  shu t  o f f  and t h e  o u t l e t  = i s  opened. 
a g a i n  p r e s s e s  t h e  r e g u l a t o r  va lve= s h u t .  I n  t h a t  t h e  membrane be l lows  & i s  
not connected w i t h  t h e  a i r  space  i n  t h e  t ank ,  but  below i n  t h e  water space ,  t h e  
water p r e s s u r e  i s  kep t  c o n s t a n t  a t  t h e  o u t l e t  du r ing  t h e  d i scha rge  independent  
of t h e  SuperimFCsed water column he igh t .  

The water ac t s  on p i s t o n  & and f lows 

I f  t h e  p r e s s u r e  i n  t h e  water t ank  d e c l i n e s  t h e  poppet v a l v e  
Thereby t h e  d i s c h a r g e  l2 i s  r e l e a s e d .  The water i n  t h e  water p i p e  i s  

The l a t t e r  now c l e a r s  t h e  water passage  under t h e  

When t h e  predetermined pres-  

Thereby t h e  p r e s s u r e  on t h e  p i s t o n  ko i n c r e a s -  

The l i f t i n g  s p r i n g  hf 

e) Quick  c l o s i n g  v a l v e  (Ref. 15) 

The quick  c l o s i n g  v a l v e  (F ig .  9)  i s  ope ra t ed  by compressed a i r  of about  e 
a t m  and can be opened o r  c losed  i n  about  0 . 1  t o  0.2 sec. The p rocess  i n  open- 
i n g  and c l o s i n g  t h e  qu ick  a c t i n g  va lve  i s  as fo l lows :  

Turning t h e  c o n t r o l  wheel ST f i r s t  opens a s m a l l  va lve  by means of a 
cam, which l e t s  compressed a i r  through p i p e  L i n  below l i f t i n g  p i s t o n  a. The 
l a t t e r  i s  r a i s e d  and w i t h  i t  t h e  cone & as f a r  as t h e  s t o p  s c h r ,  which i s  ad- 
j u s t a b l e .  Now t h e  seat s u r f a c e s  of cone & are f r e e ,  and t h e  l a t t e r  i s  r o t a t e d  
by t h e  r o t a t i n g  p i s t o n  u. 
through t h e  i n l e t  I f  t h e  con- 
t r o l  w h e e l =  and l i k e w i s e  t h e  c o n t r o l  p i s t o n  & are  turned  e l e c t r i c a l l y  o r  
manual ly ,  t h e  s l o t s  a t  c and open, t h e  compressed a i r  f lows through s l o t s  c 
i n t o  chambers ku and p r e s s e s  t h e  r o t a t i n g  p i s t o n  drk and consequent ly  a l s o  
cone k of t h e  va lve .  
s l o t s  
t u rned  90" t h e  s m a l l  v a l v e  ha c l o s e s  and l e t s  o u t  t h e  a i r  under t h e  l i f t i n g  
p i s t o n  
a n  a d j u s t a b l e  s p r i n g  f .  The c los ing  i s  e f f e c t e d  ',y t h e  t u r n i n g  backward of 
c o n t r o l  w h e e l =  through t h e  same arrangements  i n  r e v e r s e  o rde r .  

The compressed a i r  e n t e r s  t h e  c o n t r o l  p i s t o n  & 
and f i l l s  t h e  chambers 5 ( s e e  s e c t i o n  A-A). 

The a i r  t h a t  i s  p r e s e n t  i n  chambers ko escapes  through 
i n t o  t h e  open. When c o n e k  and t h e  r o t a t i n g  p i s t o n  fi have been 

a t  t h e  same t i m e .  The l a t t e r  azd t h c  cone are a g a i n  fo rced  down by 

To prevent  cone & from o s c i l l a t i n ?  ,,;: ?:',I damping ddqiice is  provided 
( s e c t i o n  B-B). 
t o n  =. The damping p i s t o n  dmk :s r i g i d l j  , ,mected t o  t h e  r o t a t i n g  p i s -  

The chambers kd are f i l l e d  w i t h  o i l  through an i n l e t  2 connected wi th  
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Fig .  1. Experimental  i n s t a l l a t i o n  
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Fig. 2. View of experimental installation with water circulation. /5 
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Fig.  3. View of installation f o r  shock experiments. 
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Fig .  5 .  A p a r t  of t h e  expe r imen ta l  i n s t a l l a t i o n  
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Figs .  6 and 7 .  V i e w  and c loseup  of t h e  micromanometer - I 6  
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Fig .  8. The Area r e g u l a t o r  
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Fig. 9. The quick closing valve 
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The temperature was generally measured with a thermometer at the outlet. 
In order to be sure that the water in the pipe had the same temperature as it 
had at the outlet, the water flowing out through the relief valve (Fig. 4 )  [i.e. 
51 was measured. 
uations. 
kinematic viscosity was limited to 0.05 to 0.08%. At the higher temperatures 
the error in the kinematic viscosity is still smaller. The measurements were 
undertaken at temperatures from 9" to 38" C. 
constancy of temperature is easy to achieve: at higher temperatures on the 
other hand there was some difficulty. As mentioned, the higher temperatures 
were obtained by water of 80 to 90" C flowing from B tank into the supply canal 
- 9  vk (500 to 800 cc/sec). Through preliminary t e s t s  it w a s  found what amount 
and temperature of this water was required in order to maintain a certain tem- 
perature of the test: water continuously. Cooled b a r r 2 r  corresponding to the in- 
flow was discharged through the drain I1c /.Fie ' )  from c7.,e deepest part of 
supply canal &. 

The thermometer had been calibrated and had 1/10 degree grad- 
Thus about 1/20 to 1/30' could be estimated, whereby an error in the 

F 

At ordinary water temperature the 

f c c 

the pipeline r and slide valves &I. 
oil is forced through the pipe toward the back and by adjustment of slide 
valve & it is more or less throttled. In the moment when damper piston 
closes the supply boring e, t h e  o i l ,  except for leaks, is completely shut off. 
A hard impact i s  prevented by this oil cushion. 

By the rotation of the damping piston, 

- / 7  
3. Experiments 

a) Quantity Measurements I I 

I 
The quantity measurements up to Re = 300*103 were undertaken in the meas- 

uring tank. A s  no guarantee was given that the measuring tank was precisely 
cylindrical, it had to be calibrated. A weighed amount of water was put into 
the tank and the water level read in the water gauge glass. The calibration 
showed a uniform diameter everywhere. The cross section of the large measuring 
tank was F = 7850 cm2, that of the smaller one F = 248 cm2. 
ment the lower level was read before the higher level after water was poured 4 
in. The reading was done with perfectly still water and with a mirror to 
avoid parallax. This manner of reading made an accuracy of from 0.1 to 0.2 mm 
possible. By means of the swinging outlet the water could be brought to the 
measuring tank in 0.1 to 0.2 sec. The duration of the inflow into the meas- 
uring tank was determined with a stopwatch. The stopwatch was checked as to 
accuracy and had 1/10 sec gradations. 
swung back as quickly. The duration of the inflow was between 100 and 600 sec. 
If we assume that with a measuring duration of 100 sec measurements are accu- 
rate within 0 . 2  sec, and furthermore that the water level in the water gauge is 
read accurately within 0.2 mm, then in the most favorable case the error ir! 
quantity measurement amounted to 0.3%. 
the error was reduced to 0.05%. 
for the average velocity u. The amount was determined as the average of sev- 
eral observations ( 4  to 6 )  and occasionally from two observations. 

In each measure- 

The swinging outlet could then be 

With a measuring duration of 600 sec 
The greatest error produces and error of 0.13% 

b) Temperature Measurements 
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e )  Determinat ion of P ipe  Radius 

If t h e  p r e s s u r e  g r a d i e n t  & i s  r e l a t e d  t o  t h e  clynamic p r e s s u r e  of t h e  av- 
liz dx 

e r a g e  v e l o c i t y  T = V - t h e r e  w i l l  be ob ta ined  t h e  d imens ionless  number h which 
i s  des igna ted  t h e  drag  c o e f f i c i e n t .  

w h e r e 4 i s  t h e  d e n s i t y  of t h e  water 
Q is  t h e  throughput p e r  u n i t  o f  t i m e  
r i s  t h e  p i p e  r a d i u s  

Th i s  formula g i v e s  t h e  r e s u l t  t h a t  t h e  d rag  c o e f f i c i e n t  X which w a s  t o  b e  
determined from our  experiments  i s  p r o p o r t i o n a t e  t o  t h e  f i f t h  power of t h e  p i p e  
r a d i u s .  Therefore  as a c c u r a t e  a de termina t ion  of t h i s  as p o s s i b l e  w a s  r e q u i r e d .  
The p i p e  r a d i u s  w a s  determined from t h e  weight  of t h e  water  which f i l l e d  t h e  
test  p i p e  comple te ly ,  and t h e  l eng th  of t h e  p ipe .  The weight de t e rmina t ion  was 
done w i t h  a n  accuracy  of  0.01%. The l e n g t h  could  b e  measured a c c u r a t e l y  t o  
0.2 mm, which cor responds  t o  an e r r o r  of  '0.007%. I f  t h e  c a l c u l a t i o n  is made 
w i t h  t h e  e r r o r  of weight  and p i p e  l e n g t h  i n  t h e  most unfavorable  case, t h e  p i p e  
r a d i u s  r w i l l  b e  about  0.001% i n  e r r o r .  This  e r r o r  i s  of no consequence f o r  
t h e  de t e rmina t ion  of d rag  c o e f f i c i e n t  A. 

d) Measurements of S t a t i c  P r e s s u r e  

The measurement of t h e  s t a t i c  p r e s s u r e  is  made under t h e  assumgtion t h a t  
t h e  s t a t i c  p r e s s u r e  i s  t h e  same over t h e  e n t i r e  measuring c r o s s  s e c t i o n .  S ince  
t h e  s t a t i c  p r e s s u r e  can  be  measured q u i t e  a c c u r a t e l y  thraugh c l e a n l y  made h a l l  
bo r ings ,  i f  t h e  w a l l  i s  p a r a l l e l  t o  t h e  f low d i r e c t i o n ,  t h e  masuremen t s  of th.= 
p r e s s u r e  g r a d i e n t  were made i n  t h a t  way. I n  each measuring c r o s s  s e c t i o n  f o u r  
b o r i n g s  were made i n  t h e  t es t  p ipe ,  which b o r i n g s  were connected by an annu la r  
e q u a l i z i n g  chamber ak (Fig.  10). 
e s t a b l i s h e d  by means of a n o z z l e  ti; and hose.  
w a s  connected in t h e  same way w i t h  t h e  nex t  measuring c r o s s  s e c t i o n .  

The connec t ion  w i t h  t h e  manometer could be  
The f r e e  l e g  of t h e  manometer 

ak . . . . equa l iz ing  chamber 
tu . .  . . nozz le  e t  

Fig. 10. Measuring c r o s s  s e c t i o n  Lor t h e  d e i e n n i n a t i o n  of t h e  s t a t i c  
p r e s s u r e .  
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The p r e s s u r e  g r a d i e n t  w a s  measured i n  t h i s  way over  a measuring d i s t a n c e  1. 
Very o f t e n  a s u c t i o n  o r  p r e s s u r e  e f f e c t  occur red  through imperfec t  b o r i n g s  ( t h e  
e l e v a t i o n  produced a s u c t i o n  e f f e c t  and t h e  i n d e n t a t i o n s  a p r e s s u r e  e f f e c t ) ,  
I n  o r d e r  t o  o b t a i n  a f a u l t l e s s  reading of t h e  p r e s s u r e  g r a d i e n t  t h e  most favor-  
a b l e  form of t h e  bo r ing  w a s  sought  and t h e  sharp-edged form was i d e n t i f i e d  a s  
be ing  t h e  one. 
d i ame te r  ijere f i r s t  made and t h e s e  were g r a d u a l l y  en larged  t o  1 . 2  mm d iameter .  
It w a s  found t h a t  a t  least  w i t h i n  t h e  range  t h a t  w a s  s t u d i e d ,  t h e  s i z e  of t h e  
b o r i n g  is  wi thout  i n f l u e n c e  on t h e  p r e s s u r e  i n d i c a t i o n .  

I n  o r d e r  t o  determine t h e  e f f e c t  of s i z e ,  bo r ings  of 0.5 mm 

I n  p repa r ing  t h e  sharp-edged bo r ings  a p r e c i s e l y  f i t t i n g  b r a s s  p i n  w a s  
pushed i n t o  t h e  p i p e  a t  t h e  s i t e  of t h e  bor ing .  Thereby, t h e  format ion  o f  
l a r g e  b u r r s  and d e n t i n g  w e r e  prevented.  By p o l i s h i n g  wi th  f i n e  emery paper  
on a wooden p i n  a l l  t h e  b u r r  w a s  e a s i l y  removed. 
c u t  open and examined wi th  a microscope under 50 x magni f i ca t ion .  
could  b e  found. 

To check a bo r ing  s i t e  w a s  
No b u r r  

The b o r i n g s  were examined i n d i v i d u a l l y  f o r  q u a l i t y  p r i o r  t o  t h e  a t tachment  

The t e s t i n g  w a s  now made w i t h  t h e  g r e a t e s t  throughput  o b t a i n a b l e  i n  
of t h e  e q u a l i z i n g  chamber. 
manometer. 
o r d e r  t o  magnify p o s s i b l e  e r r o r s  as much as p o s s i b l e .  I n  case such occurred  
t h e  p i p e ' w a s  po l i shed  aga in .  

Every two bor ings  w e r e  connected through a micro- 

Furthermore,  t h e  p r e s s u r e  d i f f e r e n c e s  were measured over  two measuring 
d i s t a n c e s  l1 and 1 2 .  The p r e s s u r e  g r a d i e n t  i n d i c a t i o n s  were on ly  regarded as 
c o r r e c t  when wi th  t h e  s a m e  l e n g t h  of t h e  two measuring d i s t a n c e s  i d e n t i c a l  
p r e s s u r e  d i f f e r e n c e s  w e r e  determined. To compensate f o r  an  e r r o r  i n  p r e s s u r e  
d i f f e r e n c e  t h e  p i p e  w a s  r eve r sed  i n  r e l a t i o n  t o  t h e  d i r e c t i o n  of  flow. Then 
w i t h  t h e  same Reynolds number t h e  same p r e s s u r e  d i f f e r e n c e  must be  i n d i c a t e d .  

To ach ieve  g r e a t e r  accuracy  i n  t h e  p r e s s u r e  g r a d i e n t  necessa ry  f o r  t h e  
e v a l u a t i o n ,  eveil l o n g e r  measuring d i s t a n c e s  were used ,  as shown i n  Table  1. /9 
The l e n g t h  of t h e  measuring d i s t a n c e s  w a s  determined w i t h  an accuracy  t o  0.2 mm. 
The p r e s s u r e  d i f f e r e n c e s  were measured t o  50 c m  water column, r e s p e c t i v e l y  m e r -  
cu ry  column, w i t h  a micromanometer of  t h e  desc r ibed  type.  Greater p r e s s u r e  
d i f f e r e n c e s  were a s c e r t a i n e d  w i t h  an o r d i n a r y  mercury U-manometer of  250 c m  
h e i g h t .  

e) Ve loc i ty  Measurements 

The measurements of  v e l o c i t y  were c a r r i e d  ou t  so t h a t  t h e  dynamic p r e s s u r e  
of t h e  p i t o t  t ube  w a s  connected with r e f e r e n c e  t o  t h e  s t a t i c  p r e s s u r e  of t h e  
p r e s s u r e  b o r i n g  t h a t  l a y  i n  t h e  measuring c r o s s  s e c t i o n  and 2 mm from t h e  edge 
of t h e  f low,  so t h a t  t h e  manometer i n d i c a t e d  t h e  d F 3 m i c  p r e s s u r e  d i r e c t l y .  
The v e l o c i t y  w a s  c a l c u l a t e d  w i t h  the  formula 

11 = 1 I,:I I %  C l , , / 5  (11 ._  
wherein h is  t h e  measured dynamic p r e s s u r e  heighL i n  cin water column and u i s  
t h e  v e l o c i t y  i n  cm/sec. 

Th i s  formula is  de r ived  from B e r n o u i l l i ' s  equa t ion  which i s  ob ta ined  from 
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E u l e r ' s  equa t ion  of motion f o r  f r i c t i o n l e s s  f l u i d s  s u b j e c t  on ly  t o  g r a v i t y  
through i n t e g r a t i o n  a long  a s t r eaml ine .  The B e r n o u i l l i  equa t ion  then  t a k e s  t h e  
fo l lowing  form: 

(3 1 4  2 

(' - 1' + .) + / I  = (Y,I \ht ,  

where H i s  t h e  h e i g h t  of t h e  po in t  under c o n s i d e r a t i o n  above a h o r i z o n t a l  
l e v e l  chosen a t  random. 

When t h e  B e r n o u i l l i  equa t ion  is m u l t i p l i e d  by d e n s i t y  w e  o b t a i n  t h e  f o l -  
lowing p r e s s u r e  equat ion:  

co 11' ] ' + e  C o ~ ~ = P o .  

If o u t s i d e  f o r c e s  ( g r a v i t y )  a r e  d i s r ega rded  (because H i n  o u r  case has  
t h e  same v a l u e  a t  both  test openings) t h e  p r e s s u r e  equa t ion  is: 

po is t h e  v a l u e  of t h e  h i g h e s t  p r e s s u r e  t h a t  appea r s  a t  t h e  mouth of  t h e  p i t o t  
tube .  It cor responds  t o  v e l o c i t y  zero  and i s  c a l l e d  t o t a l  p r e s s u r e ;  p is  t h e  
s t a t i c  p r e s s u r e .  I f  po - p = hy (with y = d e n s i t y  and h = h e i g h t  of t h e  mano- 
meter column) from equa t ion  ( 4 )  we o b t a i n :  

o r  w i t h  

The v e l o c i t y  d i s t r i b u t i o n  w a s  measured w i t h  a p i t o t  t ube  0 . 1  t o  0 .2  mm 
behind  t h e  d i s c h a r g e  c r o s s  s e c t i o n  of  t h e  test p ipe .  The r e l i a b i l i t y  of t h e  
measurement a t  t h i s  d i s t a n c e  behind t h e  d i scha rge  c r o s s  s e c t i o n  i s  shown by 
comparison w i t h  t h e  v e l o c i t y  d i s t r i b u t i o n s  t h a t  w e r e  measured 2 and 5 rm befo re  
t h e  d i s c h a r g e  c r o s s  s e c t i o n  (Fig.  11). A f u r t h e r  measurement of t h e  v e l o c i t i e s  
a t  d i f f e r e n t  Reynolds numbers i n  the  p i p e  a x i s  a t  t h e  d i scha rge  and a t  t h e  same 
t i m e  20 d b e f o r e  t h e  d i scha rge  gave i d e n t i c a l  v a l u e s .  The measurements were 
t h e r e f o r e  undertaken behind t h e  d i scha rge  c r o s s  s e c t i o n  i n  o r d e r  t o  avoid  p re s -  
s u r e  f i e l d  d i s t u r b a n c e s ,  b u t  above a l l  a l s o  because  i n  t h i s  way i t  i s  p o s s i b l e  
t o  measure t h e  v e l o c i t i e s  r i g h t  up t o  t h e  w a l l  of t h e  p ipe .  

A s  knowledge of  t h e  s ta t ic  p res su re  i n  t h e  measuring c r o s s  s e c t i o n  w a s  
ve ry  impor tan t  f o r  measuring t h e  v e l o c i t y  d i s t r i b u t i o n ,  t h i s  comparat ive meas- 
urement w a s  c a r r i e d  o u t  w i t h  a probe t h a t  w a s  i n s t a l l e d  i n s t e a d  of  t h e  p i t o t  
tube .  I n  o r d e r  t o  e l i m i n a t e  as f a r  as p o s s i b l e  t h e  i n f l u e n c e  of t h e  p i t o t  t ube  
h o l d e r  on t h e  s t a t i c  p r e s s u r e  a f a i r i n g  (F ig .  5) [i.e. 41 w i t h  symmetrical 
p r o f i l e  w a s  p l aced  so t h a t  t h e  probe l a y  I n  t n ?  a x i s  of symmetry of t h e  p r o f i l e .  
The s i d e  b o r i n g s  of  t h e  probe  l a y  i n  t h e  measuring :robs s e c t i o n .  
w a s  connected through a micromanometer w i th  a bo r ing  i n  t h e  w a l l  which l i k e w i s e  
l a y  i n  t h e  measuring c r o s s  s e c t i o n .  
t e c t e d  by t h e  manometer, i t  can be concluded t h t  th.; s t s t i c  p r e s s u r e  o u t s i d e  
t h e  j e t  w a s  of equa l  magnitude a l so .  
s t a t i c  p r e s s u r e  i n  v e l o c i t y  measurements through bor ings  i n  t h e  f l ange .  I n  

The probe 

A s  no p r e s s u r e  d i f f e r e n c e  could  b e  de- 

T t  is t h e z p f o r e  j , s t i f i e d  t o  measure t h e  
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a d d i t i o n  a v a l u e  x ( i n  which x i s  t h e  p i p e  l e n g t h  and d t h e  p i p e  d iameter )  w a s  

sough t  by v e l o c i t y  measurements, a t  which 5 v a l u e  t h e  v e l o c i t y  d i s t r i b u t i o n  i s  

independent  of p i p e  l eng th .  Fo r  t h i s  purpose t h e  v e l o c i t y  d i s t r i b u t i o n s  a t  Rey- 
n o l d s  number R e  = 900.10 and w i t h  - x = 100, 65 and 40 were recorded:  t h i s  w a s  

done .by  c u t t i n g  o f f  t h e  p i p e  a t  t h e s e  l e n g t h s .  A t  a l l  t h e s e  v a l u e s  t h e  ve lo-  
c i t y  d i s t r i b u t i o n s  were independent of t h e  p i p e  l e n g t h .  A s  i n  t h e  main tests 
t h e  s t a r t i n g  d i s t a n c e  w a s  5 = 50 f u r t h e r  i n v e s t i g a t i o n s  could b e  ornit ted.  

r e s u l t  i s  reproduced i n  a d imens ionless  graph i n  F ig .  12 .  

d 

d 

d 

This 
d 

F i g .  11. V e l o c i t y  d i s t r i b u t i o n s  F i g .  12.  Ve loc i ty  d i s t r i b u t i o n s  
w i t h  x = 0 mm, x = -2 mm, w i t h  x = 100 d,  x = 6 5  d 
and x = -5 m. and x = 40 d. 

F o r  t h e  measurements of t h e  v e l o c i t y  d i s t r i b u t i o n  p i t o t  t ubes  were used, 
of 0 . 2 1  mm and 0.30 mm i n t e r n a l  d iameter  and 30 mm l e n g t h ,  which f o r  hydrody- 
namic r easons  w a s  c o n i c a l .  The p o s i t i o n  of t h e  p i t o t  tube  a t  t h e  edge of t h e  
test  p i p e  i s  shown i n  F ig .  13. I n  t h i s  p o s i t i o n  t h e  i n d i c a t i o n  of t h e  p i t o t  
t u b e  does n o t  cor respond t o  t h e  dynamic p r e s s u r e  p r e v a i l i n g  t h e r e .  This i s  ex- 
p l a i n e d  by t h e  f a c t  t h a t  on ly  a p a r t  of t h e  p i t o t  t ube  opening l i es  i n  t h e  water 
j e t  and  t h e  rest is  o u t s i d e  i t ,  s o  t h a t  t h e  water t h a t  flowed i n  flows out aga in  
t o  t h e  s i d e .  
v i c i n i t y  of t h e  w a l l  is impor t an t ,  a method was ussd  t h a t  makes t h e  c o r r e c t i o n  
of t h e  v e l o c i t y  measurement i n  t h i s  area p o s s i 5 l e .  Fo r  t h i s  purpose t h e  ve lo-  
c i t y  d i s t r i b u t i o n  w a s  measured with t h r e e  p i c o t  Vibes o t  d i f f e r e n t  i n t e r n a l  
d i ame te r ,  namely 0.3,  0.582 and 1.045 mm a t  t h e  same Reynolds number. These 
measurements s e r v e d  t o  de te rmine  by e x t r a p o l a t i o i l  thc v e l o c i t y  d i s t r i b u t i o n  
t h a t  would have beer? measured w i t h  t h c  r ' t o t  +-i3e of df-?.L!?ter zero.  In 
Fig .  13 t h e  d i s t a n c e  from t h e  w a l l  i s  Dlo t t r l :  db zb-z;ssa and t h e  v e l o c i t y  as 
o r d i n a t e .  

But because  e x a c t  knowledge of  t h e  dynamic p r e s s u r e  a l s o  i n  t h e  

I f  a s t r a i g h t  l i n e  i s  l a i d  through p o i n t s  of e q u a l  v e l o c i t y  ( p a r a l l e l  
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Fig.  13. Reduct ion of p i t o t  tube opening t o  zero .  

t o  t h e  a b s c i s s a  a x i s )  and i n  t h e  i n d i v i d u a l  p o i n t s  t h e  p e r t i n e n t  i n t e r n a l  d i -  
ameters of t h e  p i t o t  t ubes  are p l o t t e d  as v e r t i c a l  d i s t a n c e s ,  a curve  can be 
l a i d  through t h e  t e r m i n a l  p o i n t s  of t h e s e  d i s t a n c e s ,  which through ex t rapo-  
l a t i o n  produces a p o i n t  of  i n t e r s e c t i o n  wi th  t h e  s t r a i g h t  l i n e .  This  i s  a 
p o i n t  of a new curve  which would have been ob ta ined  wi th  p i t o t  t u b e  of i n t e r n a l  
d i ame te r  zero .  
c o r r e c t i o n  i s  supe r f luous ,  as Fig .  1 3  shows. 

I f  t h e  p i t o t  t ube  opening l i e s  e n t i r e l y  i n  t h e  xater j e t ,  a 

For t h e s e  p o s i t i o n s  t h e  measured v e l o c i t y  cu rve  c o i n c i d e s  wi th  t h e  theo- 
re t ica l  curve  i n  p o i n t  A i  ( i  = 1, 2 ,  3 ) .  
w a l l  is t h e r e f o r e  equa l  t o  t h e  i n t e r n a l  r a d i u s  ri (i = 1, 2 ,  3) of t h e  opening 
i n  t h e  p i t o t  t ube  used f o r  measuring. I n  o r d e r  t o  de te rmi3e  t h e  c o r r e c t i o n  f o r  
any d e s i r e d  p i t o t  t ube  opening a pe rpend icu la r  t o  t h e  a b a c i s s a  a x i s  (broken l i n e  
i n  f i g u r e )  is  drawn through such a p o i n t  Ai and t h e  d i s t a n c e s  Y '  and Y" of t h i s  
s t r a i g h t  l i n e  are determined from two p o i n t s  on t h e  t h e o r e t i c a l  and t h e  measured 
cu rves  t h a t  correspond t o  t h e  same v e l o c i t y .  

The d i s t a n c e  of p o i n t  A i  froin t h e  

In  t h i s  way v a l u e  couples  a r e  a s c e r t a i n e d  f o r  v a r i o u s  Reynolds numbers, 
which are reproduced i n  a d imens ionless  graph i-n P i g ,  14. If w e  have measured 
a v e l o c i t y  d i s t r i b u t i o n  and want t o  conve r t  t h i s  Fear t h e  w a l l  t o  t h e  v e l o c i t y  
d i s t r i b u t i o n  t h a t  would b e  obta ined  w i t h  t h e  p i t o t  t1:be opening z e r o ,  t hen  t h i s  
graph i s  used i n  t h e  manner t h a t  the  v e 1 o c i t i e s  t h a t  l i e  i n  t h e  d i s t a n c e  y" are  
d i s p l a c e d  t o  t h e  cor responding  d i s t a n c e  y ' .  
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yt y" 
Fig. 14. ri i n  r e l a t i o n  t o  ri 

In  o r d e r  t o  de te rmine  t h e  pe rcen tage  e r r o r  of t h e  throughput  t h a t  is 
o b t a i n e d  by i n t e g r a t i o n  of t h e  uncor rec t ed  v e l o c i t y  d i s t r i b u t i o n ,  t h e  measured 
v e l o c i t i e s  t h a t  w e r e  o b t a i n e d  by measurement w i t h  v a r i o u s  p i t o t  t u b e  openings  
were p l o t t e d  i n  F ig .  15 as a func t ion  of t h e  s q u a r e  of t h e  d i s t a n c e  from t h e  
p i p e  axis ,  and t h e  throughput  w a s  c a l c u l a t e d  by g r a p h i c  i n t e g r a t i o n .  
r e c t e d  v e l o c i t y  d i s t r i b u t i o n  is  r ep resen ted  by cu rve  1 i n  t h i s  f i g u r e .  
2 ,  3 ,  and 4 cor respond t o  t h e  v e l o c i t y  d i s t r i b L - t i o n  determined w i t h  p i t o t  t u b e s  
having  openings  d = 0.3 mm, 0.582 mm and 1.054 mm. 

The cor- 
Curves 

/11 
The numer ica l  resume i n  F ig .  15 shows that: the tbroughput  of t h e  c o r r e c t e d  

v e l o c i t y  d i s t r i b u t i o n  amounts t o  Qo = 1255 rc!rc-Bc. 
t h a t  w i t h  i n c r e a s i n g  p i t o t  t u b e  openin? tile L:trouth;uL t h a t  h a s  been determined 
g r a p h i c a l l y  i n c r e a s e s  i n  c o n t r a s t  t o  measured throughput (which a g r e e s  w i t h  t h e  

I n  ?;(!ition i t  i s  observed 
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g r a p h i c a l l y  determined throughput of t h e  c o r r e c t e d  cu rve ) .  The v e l o c i t y  d i s -  
t r i b u t i o n s  r ep resen ted  i n  F ig .  15 were measured i n  a p i p e  w i t h  d iameter  d = 2 
cm. S i m i l a r  tests were made i n  p ipes  w i t h  d i a m e t e r  d = 3 c m ,  d = 5 c m  and d = 
10 c m  and t h e  r e s u l t s  r e p r e s e n t e d  i n  F ig .  1 6 .  Here t h e  d imens ionless  p i t o t  
tube opening di which i s  formed by d i v i d i n g  t h e  d i ame te r  of t h e  p i t o t  t ube  t i p  

by t h e  tube  d i ame te r ,  i s  p l o t t e d  as a b s c i s s a  and t h e  pe rcen tage  e r r o r  of t h e  
throughput  100 01 - Qo s p l o t t e d  as o r d i n a t e .  T h i s  diagram makes i t  p o s s i b l e  

t o  s ta te  t h e  o c c u r r i n g  e r r o r s  by a c e r t a i n  r e l a t i o n s h i p  d i .  

a- 

- 
( Q O P  

_ _  d 
4.  Execution of t h e  Experiments 

Carry ing  o u t  t h e  exper iments  with over f low was v e r y  s imple ,  because  t h e  
I f  measurements of  t h e .  cons t ancy  of t h e  throughput had been t a k e n  care o f .  

v e l o c i t y  d i s t r i b u t i o n  were t o  b e  made, t h e  t h r o t t l e  cone (F ig .  5) [ i .e.  41 
of  t h e  v e l o c i t y  measuring appa ra tus  w a s  set a t  a c e r t a i n  p o s i t i o n  correspond- 
i n g  t o  t h e  d e s i r e d  throughput ( t h e  dependence of t h e  throughput on t h e  p o s i t i o n  
of t h e  t h r o t t l e  i n  t h e  v e l o c i t y  measuring a p p a r a t u s  w a s  known through prelim- 
i n a r y  exper iments ) .  Then so  much water w a s  l e t  i n t o  t h e  water t ank  through t h e  
f e e d  p i p e  t h a t  on ly  v e r y  l i t t l e  water flowed o u t  through t h e  overflow. When 
micromanometer I, which s e r v e d  f o r  t h e  p r e s s u r e  drop measurements, and micro- 
manometer 11, which se rved  f o r  t h e  v e l o c i t y  measurements, had been checked 2s 
t o  t h e  c o r r e c t n s s s  of t h e i r  i n d i c a t i o n s ,  t h e  p i p e  axis w a s  determined by 
v e l o c i t y  measur?ments, which a x i s  se rved  as r e f e r e n c e  p o i n t  f o r  t h e  a c t u a l  
measurements. Then t h e  measurements w e r e  s t a r t e d ,  c o n s i s t i n g  i n  t a k i n g  up 
measurements of p r e s s u r e  drop ,  tempera ture  and throughput i n  a d d i t i o n  t o  veloc- 
i t y  measurements. 

The exper iments  w i t h  water c i r c u l a t i o n  were more d i f f i c u l t  i n s o f a r  as 
c u r r e n t  f l u c t u a t i o n s  i n  t h e  power network caused changes i n  t h e  rpm of t h e  d r i v e  
motor and the reby  changes i n  t h e  throughput i n  t h e  tes t  p ipe .  It w a s  t h e r e f o r e  
n e c e s s a r y  t o  keep t h e  p r e s s u r e  drop on  a uniform l e v e l  through p r e c i s e  a d j u s t -  
ment of  t h e  t h r o t t l e  c o n e  &. 

The execu t ion  of t h e  measurements i n  t h e  shock tests were made as fo l lows :  
f i r s t  t h e  connec t ion  between water t a n k  wk (F ig .  1) and compressed a i r  t ank  2 
w a s  i n t e r r u p t e d  and t h e  compressed a i r  p r e s e n t  i n  t h e  water t ank  from t h e  p re -  
ced ing  experiment w a s  pe rmi t t ed  t o  e scape  through s a f e t y  v z l v e  & of t h e  water 
tank .  While t h e  a i r  i n  t h e  compressed a i r  t a n k  dk w a s  brought  t o  about  10  a t m  
by means of  a compressor f o r  a l l  experiments,  t h e  connec t ion  between r o t a r y  
pump & and water t a n k  y& w a s  e s t a b l i s h e d  and t h e  l a t te r  f i l l e d  t o  a c e r t a i n  
l eve l  w i t h  water. 
w a s  s e a l e d  w i t h  o i l e d  pape r ,  which w a s  between t h e  f l a n g e  o f  t h e  test  p i p e  and 
a r i n g  f l a n g e  f i t t i n g  t h e  p i p e  cross s e c t i o n ,  and now t h e  feed  p i p e  and t h e  
t e s t  p i p e  
c l o s i n g  v a l v e  e. 
th rough t h e  opened r e l i e f  v a l v e  z, 
a i r  t a n k  & and t h e  wa te r  t ank  &was r ? e s t a b l i F h e d  rhroi7;h Arca r e g u l a t o r ,  
which had been set i n  advance f o r  a c e z t a i n  ~ ' C C ~ C ~ I Y P .  

t i o n s  were compieted and t h e  a c t u a l  experiment could  begin .  

I n  t h e  meantime t h e  d i s c h a r g e  c r o s s  s e c t i o n  of t h e  t e s t  p i p e  

were f i l l e d  w i t h  water  by means of a d i v e r s i o n  a t  t h e  qu ick  
The a i r  t h a t  was p r e s e n t  i n  t h e  f eed  p i p e  could escape 

Now t h e  CcmtiPrtion between t h e  compressed 

with t h a t  t h e  prepara-  
On a s i g n a l  from 
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t h e  manometer observer  t h e  quick  c l o s i n g  va lve  - sh  was opened; t h e  o i l e d  paper  
was rup tu red  by t h e  wa te r  p re s su re .  A f t e r  a s t a t e  of e q u i l i b r i u m  of t h e  f low 
had set  i n ,  t h e  obse rve r  would e s t a b l i s h  t h e  l i m i t  of t h e  manometer d e f l e c t i o n  
by means of  a runner which was e a s i l y  movable on t h e  l e g  of t h e  nanometer (F ig .  
3) .  The quick  c l o s i n g  va lve  remained open u n t i l  t h e  water  l e v e l  i n  t h e  water 
tank  had dropped t o  about  40-50 cm above t h e  d i scha rge  c r o s s  s e c t i o n .  Then t h e  
manometer w a s  read .  Now t h e  p r e p a r a t i o n  f o r  t h e  nex t  experiment could be 
s t a r t e d .  

11. Eva lua t ion  of  t h e  experiment  

1. Ve loc i ty  d i s t r i b u t i o n  

Ve loc i ty  d i s t r i b u t i o n s  w e r e  measured i n  p i p e s  w i t h  d = lcm, 2 c m ,  3 c m ,  
5 c m a n d  1 0  c m  d iameter  a t  low Reynolds number R e  = 4.103, t o  t h e  h i g h e s t  Rey- 
n o l d s  number i n v e s t i g a t e d ,  namely R e  = 3240*103. A s  w i l l  b e  seen  from f u r t h e r  
e v a l u a t i o n s  of t h e  v e l o c i t y  d i s t r i b u t i o n ,  e x a c t  knowledge of  i t  i s  impor tan t  
n o t  o n l y  i n  t h e  v i c i n i t y  of t h e  w a l l  where a sha rp  drop i n  v e l o c i t y  e x i s t s ,  b u t  
a l s o  i n  t h e  v i c i n i t y  of t h e  c e n t e r  of t h e  p i p e  where t h e r e  i s  a s l i g h t  drop i n  
v e l o c i t y .  On t h i s  account  t h e  measuring p o i n t s  n e a r  t h e  w a l l  and n e a r  t h e  p i p e  
c e n t e r  were e s p e c i a l l y  c l o s e  toge the r  ( t h e  v e l o c i t y  d i s t r i b u t i o n  over  t h e  p i p e  
r a d i u s  i n  g e n e r a l  c o n t a i n s  18 measurement p o i n t s ) .  The v e l o c i t y  d i s t r i b u t i o n  
w a s  symmetrical and showed no d i f f e r e n c e ,  o r  on ly  s l i g h t  d i f f e r e n c e s ,  f o r  2 
s p e c i f i c  d i s t a n c e  from each s i d e  of t h e  p i p e  a x i s .  About 150 v e l o c i t y  pro- 
f i l e s  w e r e  measured, of which however on ly  1 6  were used f o r  t h e  complete e la l -  
u a t i o n s .  Because of t h e  p e r f e c t  symmetry of  t h e  v e l o c i t y  p r o f i l e ,  on ly  h a l f  
o f  t h e  p r o f i l e  was used f o r  t h e  eva lua t ion .  The numer ica l  v a l u e s  of  t h e s e  16  
v e l o c i t y  d i s t r i b u t i o n s  over  t h e  p ipe  r a d i u s  are summarized i n  Table  2 .  
d e r  t o  determine v e l o c i t y  d i s t r i b u t i o n s  a t  t h e  lowes t  possibile Reynolds numbers, 
t h e  i n t a k e  of t h e  10 mm d iameter  pipe w a s  c e n t r a l l y  covered w i t h  a p l a t e  having 
a 6 mm d iameter  opening. The p l a t e  caused s t r o n g  tu rbu lence  i n  t h e  i n t a k e ,  /12 
s o  t h a t  a t  t h e  Reynolds number R e  = 4 * 1 0 3  t h e  t u r b u l e n t  f low was f u l l y  e s t ab -  
l i s h e d .  Measurements w i t h  t h i s  arrangement were made f o r  on ly  t h e  t h r e e  lowesL 
Reynolds numbers. 

I n  or- 

I n  o r d e r  t o  fo l low t h e  change of  form of t h e  v e l o c i t y  d i s t r i b u t i o n  as a 
f u n c t i o n  of  t h e  Reynolds number, v e l o c i t y  d i s t r i b u t i o n s  were made d imens ionless ,  
i n  t h a t  t h e  v e l o c i t y  d i s t r i b u t i o n s  i n  q u e s t i o n  were r e f e r r e d  t o  maximum ve- 
l o c i t i e s  and cor responding  w a l l  d i s t a n c e s  on t h e  p i p e  radi iJs .  Thus t h e r e  w a s  

. .  o b t a i n e d  equa t ion  . -  
’+), U -  

which i s  rep resen ted  i n  F ig .  1 7  f o r  s i x  p r o f i l e s ,  a t  Reynolds numbers R e  = 4.103 
t o  3240,103. 
n o l d s  number t h e  c o n f i g u r a t i o n  of t h e  v e l o c i t y  d i s t r i b u t i o n  i s  more and more 
f u l l .  
b e r  t h e  l a y e r  a f f e c t e d  by f r i c t i o n  becomes in f jn i t c . s ima l ly  small .  I n  Fig.  18 
t h e  v e l o c i t y  d i s t r i b u t i o n s  are shown i n  such a t-ay tLat 11 i s  o r d i n a t e ,  l o g  

i s  a b s c i s s a  and y / r  i s  parameter  of t h e  d imens ionless  w a l l  d i s t a n c e .  

Th i s  r e p r e s e n t a t i o n  shows very - 1 e a r l y  t h a t  w i t h  i n c r e a s i n g  Rey- 
/13 

This  f a c t  l e a d s  t o  t h e  assumption t h a t  a t  i n f i n i t e l y  h igh  Reynolds rium- 

iJ 
The 
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Table 2 .  u as a f u n c t i o n  of y - 
I 

-- I 

:l.i,O 
46.0 
53,0 
60,3 
67.2 
712 
76.1 
79.7 
8 .i ;% 
89,2 
R2.5 
95,0 
97.3 
99.2 

100.7 
10: .4 
101,7 
101.8 ---- 
-- 

-_. 

_- 

0.00 
0,o 1 
0,02 
0,04 
0,07 
0,lO 
0,lS 
0,20 
0.30 
0,40 
0,50 
0,60 
0,70 
0,so 
0,90 
0,96 
0,98 
1 .oo 
2.45 

lW,O 0,oo 

203,o 0,060 
220,o 0.105 
230,O 0,150 
242.5 0,225 
252,O 0,30 
2137,O 0.45 
278,5 0.60 
287.0 0,i5 
294,5 0,90 
RO0,O 1,05 
304,5 1,20 
308.7 1,35 
309.6 1,44 
310.0 147 
310,5 1 1..50 

155,O 0.015 
180.0 0,030 

--- 

201,o 0,M) 
258,O 0,025 
280.0 0,033 

313.0 O,I(KI 
339,O 0,175 
356.0 0,2.70 
37.5,0 0,3$5 

415.0 0,750 

416,0 1,2.7 
458,O 1,50 
466,0 1,7.5 
473,0 I 2.00 
479,0 2,25 
4'?1,0 2,40 
481,5 2,45 
4fi2.0 230 

390,o 0,5,00 

433,o 1.00 

47,O 113,O 

81.5 163,O 
92.0 179,O 

1oa,o 193,O 
10X,0 202.i 
116,O 214.5 
121,o 22:1.0 
128,5 23 ,5  
134.5 247,o 
139,o 253.0 
1423 2613 
1;6,0 267,O 
1.48,5 271,6 
151.0 275,s 
152,O 277,2 
I52,3 277,s 

_ _  152,5 278.0 

72.0 140,o 

0,91 2,262 2.82 0,4H 

875 

u = a c t u a l  
v e l o c i t y  

- 
243) 

0.0075 

2150 

0,011 

1959 

u cmls 
- 

121.5 

O,Otl'L5 

1110 

u cmls 

70.5 
847 
918 

1026 
1os4 
1133 
1190 , 
1220 
1284 
1325 
13.50 
1380 
1407 
1424 
1446 
1441 
14.V2 
1 4 4 3  

_-_ 
_- - 

_ _ _ _  .. 

0,0121 

725 

11 cmjs 

50.5 
617 
654 
717 
76.5 
794 
833 
859 
899 
920 
954 
973 
988 

lo00 
1010 
1014 
1015 
1015.5 

-- 
- 

- 

y cm 
0,000 
0,05 
0,lO 
0.20 
0,35 
0,50 
0,75 
1900 
195 
2.0 
2,s 
3,0 
3,5 
4,oo 
4,5 
4 3  
4 9  
5 ,O 

Y = d i s t a n c e  
fron; t h e  
w a l l  

1310 
1598 
1683 
1805 
1896 
1966 
2050 
2110 
2204 
2270 
2.335 
2373 
2410 
2.137 
2456 
2463 
2 4 6  

1310 
1126 
1496 
1604 
1700 
1772 
1845 
1900 
1980 
20-13 
2088 
212s 
2156 
"in1 
2:9R 
2302 
2203 

1623 
15'58 
1666 ' 

1'758 
1890 
1967 
2060 
2122 
2212 
2272 
2323 
2362 
2393 
3318 
24.36 
2W.i 
! (8 

2449 

R e  = Rey- 
no lds  
number 

- 
u = average  

v e l o c i t y  

d = p i p e  
diameter  

v = kinemat- 
i c  v i scos -  
i t y  
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v e l o c i t i e s  2 r e f e r r i n g  t o  a s p e c i f i c  w a l l  d i s t a n c e  y / r  a r e  i n t e r c o n n e c t e d  by a 

curve  on which t h e  p e r t i n e n t  y / r  va lue  i s  w r i t t e n .  
f o r  t h e  v e l o c i t i e s  i n  t h e  v i c i n i t y  of t h e  w a l l  t h e r e  i s  a n o t a b l e  s c a t t e r .  I f  
i t  i s  d e s i r e d  t o  have a dimensionless  v e l o c i t y  w i t h i n  t h e  measured range ,  then  
above t h e  cor responding  Raynolds number on t h e  curve t h e  v a l u e  f o r  2 as a 

f u n c t i o n  of y / r  i s  read  o f f  and the  d e s i r e d  v e l o c i t y  d i s t r i b u t i o n  i s  o b t a i n e d .  
To t e s t ,  t o  what e x t e n t  our  v e l o c i t y  d i s t r i b u t i o n s  correspond w i t h  t h o s e  mea- 
s u r e d  by o t h e r  i n v e s t i g a t o r s ,  t h e  fo l lowing  comparison w a s  made. 

U 
This  diagram shows t h a t  

U 

- _  - 

Fig .  17 .  g as a f u n c t i o n  of y / r .  
U 

/13 

The most r e l i a b l e  measurement of v e l o c i t y  distribi..!Cjon i n  a c i r c u l a r  p i p e  
made s o  f a r  w a s  by T.  E. S t a n t o n  ( r e f  16) b e c ~ i i s e  f i r :  he undertook t h e  meas- 
urements w i t h  a v e r y  f i n e  0 . 3 3  mm d iameter  p i t o t  cube and secondly because h e  
had a s t a r t i n g  zone o f  adequate  l e n g t h  x = 72 d (x = p i p e  l e n g t h ,  d = p i p e  d i -  
ameter = 7.4  cm), so t h a t  t h e  measurements were i n  t h e  range  i n  which 
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distribution of velocity is no longer altered. 
ments with those of Stanton seemed so much the more necessary, because Stanton 
measured the velocity distributions in the experimental pipe just ahead of the 
outlet end (2 to 3 d) while our average measurement was 0.1 to 0.2 mm behind 
the outlet end. For this reason the velocity distributions which refer approx- 
imately to the same Reynolds numbers were applied in such a way that the re- 
lationship of local velocities u to maximum velocity U were taken as a function 
of the dimensionless wall distance y/r (y = distance from the wall, r = p3ipe 
radius). 
56.10 and 89.3'10 '. 
bers were in good agreement with Stanton's velocity distribution. 
shows the comparison of Stanton's velocity distribution (Re = 5 6 ~ 1 0 ~ )  with ours 
Re = 59*103) .  In addition there is also to be noted that data concerning aver- 
age velocity u and kinematic viscosity v are lacking in Stanton's figures. 
this account we have determined the average velocity u = 1235 cm/2 from the 
throughput quantity which is determined by integration of the velocity dis- 
tribution. 
ation in kinematic viscosity with temperature is very slight, we have assumed 
he kaematic viscosity at an average laboratory temperature of 18" C. 

A comparison of our measure- 

The Stanton measurements were made at Reynolds numbers 37 .6010  , 

Fig. 19 
Our measurements at approximately the same Reynolds num- 

On 

Since Stanton's measurements were made with air, in which the vari- 

For very high Reynolds numbers it appeared advisable to us to make a com- 
The starting lone parison with the velocity distributions of Bazin (ref. 17). 

Fig. 18. 2 as a function of log  
U 

amounted to about x = 75 d (d = 80 cm). 

average velocity u = 164.9 cm/sec by in:egr+tioti of the telocity distribution. 
Bazin's measurements were done with water in the outside air, with temperature 
deviations of 10" to 2 0 " .  

Data on tenl?eratilre and average veloc-/14 
ity are absent from Bazin's figures also. For this reascr we determined the - 

In this temperature range the kinematic viscosity is 



Fig. 19.  Comparison of  v e l o c i t y  

very  pronouncedly dependent upon t h e  
t e m p e r a t u r e ,  and on t h e  o t h e r  hand t h e  
change of v e l o c i t y  d i s t r i b u t i o n  wi th  
t h e  Reynolds number a t  such h igh  R e  
as t h o s e  involved h e r e  is  ve ry  s l i g h t .  
For t h e s e  r easons  w e  set t h e  k inemat ic  
v i s c o s i t y  a t  15" C (v  = 0.0113 c m  / s e c > .  

The comparison of  t h e  v e l o c i t y  
d i s t r i b u t i o n  of  Bazin w i t h  c u r s  i s  a l s o  
shown i n  Fig .  19.  Aside from t h e  las t  
p o i n t s  measured by Bazin,  i n  t h e  v i c i n -  
i t y  of t h e  w a l l ,  t h e r e  is  good agree-  
ment of v e l o c i t y  d i s t r i b u t i o n s  a t  
approximate ly  t h e  same Reynolds numbers. 

2) E x p o t e n t i a l  Law 
P r a n d t l  ( r e f .  18) determined from 

t h e  B l a s i u s  l a w  of r e s i s t a n c e  t h a t  
v e l o c i t y  u o f  a tc l rbulent  f low i n  t h e  

d i s t r i b u t i o n s  of S tan ton ,  
Bazin and Nikuradse.  

v i c i n i t y  of t h e  w a l l  changes by t h e  
exponent 1 / 7  t h e  d i s t a x e  from t h e  w a l l  
i .e. u = a $7, (7) 

where in  a- i s  a c o n s t a n t  f o r  one and t h e  same v e l o c i t y  p r o f i l e .  
can b e  developed as fo l lows .  

The c a l c u l z t i o n  
I n  the  equa t ion  f o r  t h e  d rag  c o e f f i c i e n t :  

d p  2 d  . 
(9 , A=-.--. 

d z  pi$ * 
i n s t e a d  of  p r e s s u r e  drop dx t h e r e  i s  in t roduced  t h e  shea r  stress a t  t h e  w a l l  
To.  
dx y i e l d s  

The c o n d i t i o n  of equ i l ib r ium f o r  a f l u i d  c y l i n d e r  w i t h  r a d i u s  r and l e n g t h  

(9) d 1) - 2 50 
d x  r 

.-. and t h e r e f o r e  1 = 5 0  2 2 d  
r ~ 3 2  

r, 1. u7 
Q-=s. From t h i s  i t  fo l lows  t h a t  

u s  v a l u e  
A,= 0,316 Re-"' . 

I _ .  . 

The s o l u t i o n  of t h i s  equa t ion  f o r  u produces 

. I f  f o r  d rag  c o e f f i c i e n t  X t h e  Blasi- 
i s  in t roduced ,  w e  o b t a i n  

_. .. 
< :, 
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According t o  t h e  P r a n d t l  hypo thes i s ,  n e i t h e r  t h e  p i p e  r a d i u s  nor  t h e  v e l o c i t y  
i n  t h e  middle  i s  i n  immediate r e l a t i o n s h i p  t o  t h e  w a l l  f r i c t i o n ,  bu t  bo th  are 
determined p r i m a r i l y  3y t h e  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  v i c i n i t y  of t h e  w a l l .  

U 
I f  t h e  r a t i o  U of t h e  average  v e l o c i t y  a t  t h e  maximum i s  assumed as con- 

s t a n t ,  t hen  from equat ion  (11) a l s o  (3% ( ; )'" 
U - n u m b e r  - - . 

! 
T h i s  can  b e  r e w r i t t e n  i n  as r equ i r ed  i f  y i s  s u b s t i t u t e d  f o r  r and correspond- 
i n g l y  t h e  v e l o c i t y  u a s s o c i a t e d  wi th  y i s  s u b s t i t u t e d  f o r  U 

u = number (:)"7 (13) 
k --_- 

t o :  I v=-,cc * 

S i n c e  t h e  v e l o c i t y  d i s t r i b u t i o n  i s  measured a t  a f i x e d  v a l u e  of k and @ *  
t h e r e  i s  ob ta ined  from equa t ion  (13) +-, ' 

As is  r e a d i l y  v e r i f i e d ,  i n  t h e  v e l o c i t y  d i s t r i b u t i o n  as i n  (13) ,  equa t ion  (11) 
is  a l s o  s a t i s f i e d ,  i .e. t h e  B l a s i u s  l a w .  This  l a w  of  r e s i s t a n c e  

0,316 
AB=-' h- 

J 

accord ing  t o  which t h e r e f o r e  t h e  drag c o e f f i c i e n t  i s  i n v e r s e l y  p r o p o r t i o n a l  t o  
t h e  4 t h  r o o t  of t h e  Reynolds number, i s  v a l i d  up t o  Re = 100-103. 
development of  t h e  1 / 7  exponen t i a l  l a w ,  t h e  B l a s i u s  law w a s  made t h e  b a s i s ,  i t  
i s  n o t  t o  b e  a n t i c i p a t e d  t h a t  t h i s  exponen t i a l  l a w  w i l l  a l s o  b e  v a l i d  f o r  
h i g h e r  Reynolds numbers. 
t a n c e  t h e  g r a d i e n t  of t h e  loga r i thmic  Xcurve = . 
t h i s  g r a d i e n t  i s  less s t e e p  and i n  t h e  range  i n v e s t i g a t e d  by us  i t  i s  almost  
1 / 6 .  
above y i e l d s  U = ay 1 /9 .  Th i s  s i g n i f i e s  t h a t  t h e  exponent n = 1 / 7  d imin i shes  
t o  1/8, 1 / 9  etc.  a t  i n c r e a s i n g l y  high Reynolds numbers. A:. R e  = 3240*103 t h e  
exponent  i s  approximately n = 1/10. 
i ng  Reynolds number i s  c o n s t a n t l y  d iminish ing .  N a t u r a l l y  such a l a w  of ex- 
p o n e n t i a l s  w i t h  changeable  exponents is  t o  be  regarded  on ly  as a formula of 
approximation.  
an  approximation as c a l c u l a t i o n s  show. 
t h e  form 

u=ayn 

and t h e  l o g  of  t h e  measured v e l o c i t y  i s  dependent upon t h e  l o g  of  t h e  w a l l  
d i s t a n c e ,  t h e  n v a l u e s  are obta ined  from t h e  g r a 5 i a r  of  t h e  curve.  I n  F ig .  20 
t h e  exponent l / n  of t h e  v e l o c i t y  as  a f v q r t i o n  cf w a i l  i i , t a n c e  i s  p l o t t e d  f o r  
v a r i o u s  Reynolds numbers. It i s  t o  be  01)sex\,c5 L<*+ ;,I t h e  range  of t h e  lowes t  
Reynolds numbers t h e  exponent has  t h e  v a l u e  l / n  = 6 a t  about  R e  = 4 0 1 0 ~ .  From 
about  R e  = 1 0 - 1 0 3  t o  100-103 where t h e  B l a s i u s  formula i s  v a l i d ,  w e  have /15 

Since  i n  t h e  

I n  t h e  range of v a l i d i t y  of  t h e  B l a s i u s  law of  resis- 
For h i g h e r  Reynolds nunbers  

I f  f o r  example X is  made p r o p o r t i o n a l  t o  Re- , t h e  c a l c u l a t i o n  method as 

The change of t h e  exponents  w i t h  i n c r e a s -  

I n  t h e  B l a s i u s  range a l s o  i t  appea r s  t h a t  t h e  1 / 7  l a w  i s  on ly  
I f  t h e  e x p c n e n t i a l  l a w  is  w r i t t e n  i n  

(15) 
. .  

- 



3 
l/n = 7 and at Re 3240-10  the exponent increases to l/n = 10. 

Fig .  20. l/n exponent of velocity as a function of wall distance, 

Fig.  21. 100 i: o r  10 m as a function 

Of log rv'z) 

Fig. 22. m as a function of n 
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I f  t h e  assumption i s  made t h a t  between t h e  shee r  stress T~ a t  t h e  w a l l ,  
d i s t a n c e  f r o n  t h e  w a l l  y and v e l o c i t y  u an  unequivocal  r e l a t i o n s h i p  e x i s t s ,  
t hen  i n  equa t ion  (9 )  we  o b t a i n  

i3/ (y). 
2 2  

The magnitude v i s  a k ind  of  Reynolds number which i s  r e l a t e d  t o  t h e  w a l l  - 
d i s t a n c e  y . .  If t h e  v e l o c i t y  d i s t r i b u t i o n  is  expressed  i n  t h e  form of t h e  
P r a n d t l  l a w  of e x p o n e n t i a l s ,  we o b t a i n  

where C i s  a d imens ionless  number t h a t  can b e  determined from t h e  measured 
v e l o c i t y  d i s t r i b u t i o n  i n  connect ion w i t h  t h e  r e l a t e d  w a l l  shea r  stress. 
m = 2n . If w e  t a k e  t h e  - log  of  equat ion  ( 1 7 )  

Then 

l + n  
(18) 

If t h e  magnitude l o g  (3) is  determined.frorn t h e  measured v e l o c i t y  d i s -  
, t hen  t h e  d imens ionless  

I ( ! )  - .- ,  . t r i b u t i o n  and p l o t t e d  as a f u n c t i o n  o f  l o g  

c o n s t a n t 5  can  b e  r ead  from t h e  o r d i n a t e  a t  l o g  
t h e  ob ta ined  p o i n t s  are connected by a s t r a i g h t  l i n e .  
The c o n s t a n t  m zhich occur s  as exponent of t h e  d imens ionless  w a l l  d i s t a n c e  
( equa t ion  15) and cor responds  t o  the exponent 
can b e  determined from o u r  experiments .  By s o l u t i o n  of equa t ion  (18) f o r  m 
w e  o b t a i n  

0 -  ti;)* , so long  as 
' 

i n  t h e  Blasiiis r e s i s t a n c e  l a w  

( 
- ' tn = 

Ig -- 

t h e  c o n s t a n t  5 ob ta ined  i n  t h e  experiments  and exponent m are p l o t t e d  i n  Fig.  
2 1  as a f u n c t i o n  of l o g  
exponent n. 

. I n  F ig .  22 m i s  p l o t t e d  as a f u n c t i o n  of (?!) . 

3.  Unive r sa l  v e l o c i t y  d i s t r i b u t i o n  

I n  a new s t a t emen t  of h i s  i d e s ,  P r a n d t l  l a y s  down no exponen t i a l  l a w  a t  
a l l ,  b u t  assumes on ly  t h a t  t h e  v e l o c i t y  i n  t h e  v i c i n i t y  of  t h e  w a l l  i s  depend- 
e n t  on ly  upon t h e  p h y s i c a l  magnitudes t h a t  are v a l i d  n e a r  t h e  w a l l  ( T ~  = s h e a r  
stress a t  t h e  w a l l ,  p = v i s c o s i t y  cons te l i t  and = d e n s i t y )  w h i l e  i t  is  inde- 
pendent of t h e  d i s t a n c e  of t h e  oppos i t e  w a l l  and of thP average  o r  maximum 
v e l o c i t y .  
P r a n d t l  ( r e f .  19)  from t h e  s h e a r  stress T~ a t  t h e  w a l l  and d e n s i t y  : t h i s  
f r i c t i o n  s t a t e  c h a r a c t e r i z i n g  magnitude has  t h e  dimc,:sian of t h e  v e l o c i t y  

We now e s t a b l i s h  a magnitude c h a r a c t e r F z i c g  f r i c t i o n  accord ing  t o  

('* = 1/$ -. . With t h i s  magnitude th,  "dimensic;r.iess v e l o c i t y  'I can be  
e s t a b l i s h e d ,  i n  t h a t  t h e  v e l o c i t y  u i s  d iv ided  by V*:$)=X .Us. 

v* 
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Similarly from the distance y from the wall, velocity v* and kinematic (vis- 
cosity v = :in the manner of the Reynolds number we establish a “dimensinn- 

less wall distance” 11 = v~y. 

universal velocity distribution’; = f (q) (ref. 20). 
trated in Table 3 ,  (Fig. 2 3 ) .  

Q 
Thus in the vicinity of the wall we obtain a 

V 
This dependency is illus- 

Fig. 23 .  Universal Yelocity Distribution ( = [n]) 

In this figure dimensionless velocities are presented for a series of Rey- 
nolds numbers from the lowest 4 ~ 1 0 ~  to the highest 3 2 4 0 ~ 1 0 ~ .  
large abscissa range q =  three different scales are used. The points 

drawn in are measurement data. 

Because of the 

V 

The universal velocity distribution is still nore clearly evident if in- 
stead of qthe magnitude logn is used as abscissa, as in Fig. 24.  It is clear 
there that the experimental points lie :littiin certain limits of scatter on a 
straight line. With closer scrutiny, we see that cxpximental points belonging 
to a specific Reynolds number do not lie exactly UII d straight line but rLther 
that they present a systematic trend upward f r m  below. It should be noted in 
this connection that the experimental points extena t o  the middle of the pipe 
while according to the Prandtl hypotehszs (.nLv the poiT.cs adjacent to the wall 
should lie on a continuous curve. This latter condition is met rather well. 
For log 0 < 1.0 there is a determinable systematic deviation from the straight 
line. From Fig. 24 if we specially consider the points near the pipe axis, we 

33 



. -. . " I. . 

Table 3 

'r 

2.10,  

10.50 
11 .H5 
13,1.5 
13,!)2 
14,9.5 
15.60 
16,65 
17.32 
17.90 
18J.i 
18,70 
19,12 
19d5 
19,60 
19,63 
19,65 

- 

- 

71 I 'P 

R P  = 23.3 ' 10. Nr = 

10 
1 :3 
17 
21 
28 
3 .i 
50 
64 
78 
92 

106 
120 
131 
143 
146 
149 

- 'Ze = l6,7.10 - -_ 
17 1 12,28 
27 I 1:{,45 

80 16.11 
103 l6,79 
I54 17,80 
203 18,56 
252 19,18 
301 I l9.fi8 
349 i Y,OS 
399 I ?0,40 
447 1 ?0,70 

"0 
33 
52 
72 

103 
13i 
202 
267 
8.32 
397 
462 
527 
592 
63 1 
643 
657 

12,t'O 
13,HB 
15.00 
16,79 
16.75 
17,40 
18.60 
1!),41 
20.10 
w,60 
21.10 
21,40 
21.70 
21.80 
21,81 
21.83 

:10 
52 
86 

120 
176 
2.73 
316 
4.59 
572 
685 
798 
01 1 

1024 
1092 
1116 
1137 

13.6 
15.1 
16.35 
17,10 
18,OO 
1s,70 
19.83 
20,73 
21,32 
21,90 
22,30 
22,E 
22,95 
23,oo 
23,03 
23.10 - 

57 
107 
183 
2.57 
:IS:{ 
507 

4 39 
1007 
12.iS 
1511 
1761 
2007 
2267 
241% 
2467 
2511 

-- 

- 

14,iO 
16.42 
17,hO 
18.70 
19.70 
20.50 
2 1 ,HO 

%,75 
23,40 
24.0.5 
24,50 
24.80 
25,13 
2.5.30 
25,33 
25,36 - 

9.75 13 
l1,OH 19 
12,35 27 
13,OR 36 
14.00 50 
14.6.5 65 

16.40 122 
17,OO 151 
17,47 180 
17,88 208 
1821 237 
18,49 266 
18.56 283 
18,66 289 
18,70 204 

15,65 93 

~. 

9$lG 11 
10,41 15 
11,60 21 
12.30 27 
13,13 37 
1:3,60 47 
14.58 68 
15.68 87 
l6,15 108 
16.61 128 
17.00 148 
17,38 168 
17,62 188 
17 ,n  201 
17,79 20.5 
17,80 209 

E shear 

stress velocity; n = VJCY = dimensionless wall distance; y = distance frcm.the 

wall; e = density; Re = Reynolds number, T = sheer stress. 
V 

0 

-: 'I 

Re=: 

967 
193t  
3 380 
4 635 
7 2.50 
9 670 

14 500 
19 340 
24 200 
29 000 
33 800 
38 680 
43 500 
46 'E0 
47 400 
48 400 

I 
Ret= 2350.103 

830 21,92 
1670 23.50 
29201 24.90 
41601 26.00 
6 2t50 '27,OO 
8.740 2780 

12510 29,oo 
166SO 29,90 

25020 3420 
29 190 1 3l,r,0 

4G \nX I :32,28 

20850 30.60 

33 360 1 32,OO 
37 XJ 22.20 

40 9'JO I 32,3!) 
41 7C31 32,21 

1 

Re = 725.10 I Re= 1110.10 3 Re = 15:,6.10' 

5801 2020 
11401 32,io 
1980' ?'j , iO 
2830, X,80 
4 250' 25,86 
5 6601 36,70 
8500; 27.95 

11 300 I 28,80 

17 OOO ' 30,07 

20 600 1 30.84 

27 200' 31J8 
27800, 31.20 
283001 31,21 

~- 

14 1501 2950 

19 6001 30,50 

25 500 I :31,10 

- 
17,98 
19,65 
20,60 
21,70 
22,70 
23,45 
24,76 
25.60 
26.22 
26.82 
27.40 
27,70 
28,OO 
28,05 
28,15 
28,20 

I 
I I I 

- 
21,72 
2:3,27 
24.4.i 
25.35 
26,15 
27,22 
28.42 
29,28 
30.00 
80,60 
31.10 
3 i ,40 
31.63 
31,79 
31,V 
31.82 

- 
171 
335 
581 
827 

1237 
1647 
2467 
3287 
4107 
4x27 
5752 
6567 
7727 
7877 
8057 
8217 

34 

- 
700 

1410 
2 460 
3 520 
5 270 
7 040 

10 540 
14 080 
17 560 
2 1  120 
24 620 
28 160 
31 620 
33.7.70 
34,450 
35 200 

1426 
2129 
2842 
4257 
5667 
7087 
8507 
9907 

11327 
12i57 
13610 
13910 
14200 

23.16 2 107 24,oO 
24,30 3 160 25,20 
25.06 4210 26.00 
26,23 6310 27,20 
27,lO 8410 28.03 
m.92 10510 28,75 
28,35 12 600 29,35 
28,53 14700 29,80 
29,17 16800 30,20 
29,46 18 910 30.40 
29.58 20210 30,53 
2939 20610 30.57 
29.60 21 OOO 30.60 

. .  
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o b t a i n  g r a p h i c a l l y  t h e  s t r a i g h t  l i n e  (1) wi th  equa t ion  
'p = 5 3  + 5,75 Ig ' I .  (20) 

Here w e  have c a l c u l a t e d  t h e  n va lues  f o r  a series o f 9  v a l u e s  and drawn t h e  
cu rve  pass ing  through t h e  exper imenta l  p o i n t s  as i n  Fig.  23. 

For f u r t h e r  approximations i t  is advantageous however t o  l end  p re fe rence  
t o  t h e  p o i n t s  n e a r  t h e  w a l l .  The s t r a i g h t  l i n e  (2 )  l a i d  through t h e s e  p o i n t s  
i s  r e p r e s e n t e d  by t h e  equa t ion  

cp = 5,843- 532 Ig 'I (31.a) 

I n  laminar  f low,  i f  v e l o c i t y  u i s  dependent on ly  upon y ,  w e  have f o r  
s h e a r  stress t h e  equa t ion  

. .  

(a:!) 
where , # I  !I ' i s  t h e  v a l u e  of & n e a r  t h e  w a l l  and u is t h e  v i s c o s i t y  - 118 
c o n s t a n t  o r  dY . 

d = Eo a!! . 
P 

A f t e r  i n t e g r a t i o n  of t h i s  equat ion  w e  o b t a i n  

I f  w e  i n t r o d u c e  T O = O 1 . * z  and 11 = Q u, w e  can immediately 
w r i t e  

According t o  an estimate t h i s  equat ion  as  a consequence of t h e  i n t r o d u c t i o n  of 
t h e  t u r b u l e n t  mixing p rocess  amounts t o  about  q = 10. 
shown i n  Fig.  2 1  and i s  drawn a dashed l i n e s  i n  t h e  lower curve.  I f  equa t ion  
(13) i s  d iv ided  by vk = 
f o r  and t h e  number f a c t o r  e V* c a l c u l a t e d ,  w e  o b t a i n  

Th i s  laminar  range i s  

v5, and 11 i s  d iv ided  by q a n d  i f  q i s  s u b s t i t u t e d  

cp = 0,74 (13 a)' 
V 

The cu rve  cor responding  t o  t h i s  equat ion  i s  shown i n  F ig .  24 i n  dashed l i n e s .  
It is  t o  b e  observed t h a t  t h e  v a l i d i t y  is  l i m i t e d  t o  t h e  range  of l o g  I\ = 1 .6  
t o  2 . 6 .  

Using t h i s  s t r a i g h t  l i n e  l a w ,  i t  is p o s s i b l e  t o  c a l c u l a t e  t h e  v e l o c i t y  d i s -  
t r i b u t i o n  w i t h  ve ry  good approximation f o r  aay Xeynoiris number, i f  t h e  p h y s i c a l  
magnitudes r,, Y = - ," and p ipe  r a d i u s  r are e s t a b l i s h e d .  From t h e  equa t ion  
of t h e  ob ta ined  ' s t r a i g h t  l i n e s ,  t h e  a p p r o p r i a t e  p f o r  d i f f e r e n t  d i s t a n c e s  from 
t h e  w a l l  can be  c a l c u l a t e d  and by m u l t i p l i c a t i o n  by :'ne v ? l o c i t y  v* t h e  veloc-  
i t y  u can  be  determined,  u =p*. 
l a t e d  d i s t a n c e s  from t h e  w a l l  y = x cdn be d e t e r m n e d .  

v e l o c i t y  d i s t r i b u t i o n  u = f ( y )  f o r  a s p e c i f i c  Reynolds number. 

0 

Frzri h l i ~  ~ ? i r ~ = n s i o n l r , s  d i s t a n c e ) l t h e  re- 
We thus  o b t a i n  the  

V* 
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Fig. 24 .  9 as a f u n c t i o n  of log n 

Fig. 25. Calcula ted  vtlcciLy d iq t r ibu t i : ,L l s  f o r  very h igh  
Reynolds numbers. 
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It  n a t u r a l l y  appears  somevhat r i s k y  t o  c a l c u l a t e  v e l o c i t y  i n  t h e  m i d d l e  o f  
t h e  p i p e  b u t  t h e  r u l e  s p e c i f i c a l l y  in tended  f o r  v e l o c i t i e s  i n  t h e  v i c i n i t y  of 
t h e  wall .  However, t h e  d i f f e r e n c e s  tn t h e  c e n t r a l  p a r t  of t h e  p i p e  a r e  n o t  
g r e a t e r  p e r  se ,  and on t h e  o t h e r  hand, t h e  r e s u l t s  of  Fig.  24 favor  t h i s  
method. N a t u r a l l y  t h e  v a l u e  i n  t h e  middle  i s  i t s e l f  n o n e t h e l e s s  i n e x a c t .  The 
a c t u a l  v e l o c i t y  d i s t r i b u t i o n s  h e r e  p r e s e n t  a p e r p e n d i c u l a r  t a n g e n t ,  w h i l e  t h e  
formula used h e r e  on t h e  c o n t r a r y  has  a f i n i t e  though s l i g h t  i n c l i n a t i o n .  For 
t h e  throughput  volume t h i s  d e v i c e  is o f  v e r y  s l i g h t  importance,  however. 

4 .  M I X I N G  LENGTH AND EXCHANGE MAGNITUDE ~ 

I n  laminar  f low,  i f  t h e  v e l o c i t y  u depends o n l y  upon y ,  f o r  t h e  s h e a r i n g  

(21) 
stress w e  have t h e  e q u a t i o n  d IC 

r = p -  
d ! l  ' 

where l~ i n d i c a t e s  t h e  v i s c o s i t y  c o n s t a n t .  Also ,  accord ing  t o  Boussinesq ( r e f .  
21) i n  t u r b u l e n t  f low f o r  t h e  "apparent" s h e a r i n g  stress developed by t h e  t u r -  
b u l e n t  impulse exchange, w e  w r i t e  d i i  r ' = A -  

dY'  
(23) 

where 'i is  t h e  temporal  mean v a l u e  o f  v e l o c i t y  and A i s  t h e  exchange magnitude 
which i s  t h e  t u r b u l e n t  ana log  t o  the  v i s c o s i t y  c o n s t a n t .  The exchange magri- 
t u d e  i s  n o t  c o r s t a n t ,  however; r a t h e r ,  i t  i s  d i f f e r e n t  from p l a c e  t o  p l a c e  i n  
t h e  f l u i d .  The e s s e n t i a l  now i s  to  b r i n g  exchange magnitude A i n t o  cor re-  
l a t i o n  w i t h  t h e  v e l o c i t y  d i s t r i b u t i o n .  
as decomposed, accord ing  t o  Reynolds, i n t o  a temporal. mean v a l u e  and devia-  

'11 = li + U t  * 

For t h i s  w e  conceive of  t h e  v e l o c i t y  

t i o n s  therefrom. We t h e r e f o r e  w r i t e  . -. 

v = u + 1,' , 

where u '  and V I  a re  t h e  f l u c t u a t i o n s  of t h e  x-component o r  of t h e  y-component 
of t h e  v e l o c i t y .  The f l u c t u a t i o n s  of  v e l o c i t y  are t h e  cause  o f  an apparent  
s t a t e  of  stress t h a t  i s  d e s c r i b e d  by t h e  e q u a t i o n s  

It i s  now sugges ted  t h a t  w e  d e s c r i b e  t h e  f l u c t u a t i o n s  of  v 2 l o c i t y  u 1  and v '  i n  
terms of t h e  "main flow" u ,  v. P r a n d t l  succeeded i n  doing t h i s  by t h e  f o l l o w -  
i n g .  We assume as above i n  Equations (21) and (22) f o r  t h e  s a k e  of  s i m p l i c i t y  
t h a t  t h e  main f low r u n s  p a r a l l e l  t o  t h e  x-axis  and t h a t  a drop i n  v e l o c i t y  
p r e v a i l s  p e r p e n d i c u l a r  t o  t h e  d i r e c t i o n  of  p r i n c i p a l  f low,  
c h a r a c t e r i s t i c  f o r  t h e  t u r b u l e n t  s t a t e  o f  t h e  f low,  d e s i g n a t e d  as mixing 
l e n g t h  by P r a n d t l .  The p h y s i c a l  s i g n i f i c a n c e  of mixing l e n g t h  II i s  t h a t  i n  
t u r b u l e n t  f low small masses of f l u i d  have a n  i n d j v i d u a i  n o t i o n  and a r e  d i s -  
p l a c e d  consequent ly  by a c e r t a i n  amount, e x a c t l y  t h a t  of  mixing l e n g t h  e ,  ~ r a n s -  
v e r s e l y  t o  t h e  d i r e c t i o n  of f low b e f o r e  they  mix wich t h e  new ambfency. - ~)'. i  

a small  mass o f  f l u i d  o r i g i n a t i n g  a t  P l o c u s  wich mean v n l o c i t y  u i s  d iG; . l l  
p e r p e n d i c u l a r l y  t o  t h e  p r i n c i p a l  f low b;- lt..zfl. 9 i t -  v e l o c i t y  i s  d i f f i r -  ' -  

t i a t e d  from t h e  mean v e l o c i t y  o f  t he  new l o c u s  i n  f i r s t  approximation I ) V  " ' * *  

A l e n g t h  9. i s  

! I  



q u a n t i t y  R du  

o f  t h e  f l u c t u a t i o n  of  t h e  x-component of  v e l o c i t y :  

It is t h e r e f o r e  p o s s i b l e  t o  i n t r o d u c e  f o r  t h e  a b s o l u t e  v a l u e  

- 119 

The f l u c t u a t i o n s  of t h e  y-component o f  v e l o c i t y  V I  occur  because f l u i d  masses 
t h a t  have a v e l o c i t y  of  d i f f e r e n t  magnitude i n  t h e  x - d i r e c t i o n  c o l l i d e  and 
consequent ly  are  d e f l e c t e d  l a t e r a l l y .  For t h i s  reason i t  i s  p o s s i b l e  t o  make 
V I  p r o p o r t i o n a l  t o  u l ,  t h u s  

' d  i i I  
' I "  = I  

n YI 

Thereby f o r  t h e  s h e a r i n g  stress according t o  Equat ion (23), i f  t h e  c o n s t a n t  of 
p r o p o r t i o n a l i t y  i s  inc luded  i n  t h e  s t i l l  unknown R ,  w e  have t h e  express ion:  

Because one f a c t o r  i s  w i t h  and t h e  o t h e r  w i t h o u t  i n d i c a t i o n  of  q u a n t i t y ,  
i t  is  provided t h a t  T changes s i g n  w i t h  &. Comparison of  t h e  P r a n d t l  formula 

f o r  s h e a r i n g  stress w i t h  Equat ion (22)  shows f o r  t h e  exchange magnitude t h e  
formula : 

dY 

A =  0 P igi. (27) 

T h i s  P r a n d t l  formula which y i e l d s  a p e n e t r a t i n g  a n a l y s i s  of t u r b u l e n t  f l o w s ,  
h a s  a l r e a d y  i n  many cases ( r e f .  22)  l e d  t o  a q u i t e  good c n l c u l a t i o n  of t u r -  
b u l e n t  f low. 
s h i p s  can b e  found by means o f  i t .  

For f lows i n  c i r c u l a r  p i p e s  s a t i s f a c t o r y  mathematical  r e l a t i o n -  

I f  Equation ( 2 2 )  i s  d i v i d e d  by t h e  d e n s i t y ,  w e  ob ta iE  
z A d u  -=-. -. 
e e ny 

I f  w e  i n t r o d u c e  A -  here ,  where E is  a k inemat ic  measure f o r  t h e  - E  Q 

t u r b u l e n t  impulse exchange, t h e n  
d ld 

- E * - - -  
2 _ -  
4 dY 

t d u  or 
0 a!/ 

The k i n e m a t i c  exchange m a g n i t u d a E  i s  t h e r e f o r e  obta ined  by d i v i d i n g  t h e  
"kinematic  s h e a r i n g  stress I '  1_ by t h e  d i f f e r e n t i a l  q u o t i e n t  of  v e l o c i t y  &. 
The magnitude of  t h i s  d i f f e r e n t i a l  q u o t i e n t  o v e r  ? Q E  p52e r a d i u s  was g r a p h i c a l -  
l y  determined from t h e  measured v e l o c i t y  d i s t r i b u t i o n s .  

dY e 

Since  & and 

.-=-- . 

8 2 0  (deduct ion as i n  Equaticr. ( Y ) )  b o t h  tend toward z e r o  
i n  approaching t h e  p i p e  a x i s  and t h e r e f o r e  t h e  d e t e r m i n a t i o n  of  t h e  impulse 

38 



.. . 

C 
.'- i 

f 
i 

I i  

exchange magnitudes i n  t h i s  r e g i o n  is  i n e x a c t .  
p o i n t s  f o r  d e t e r m i n a t i o n  of  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  p i p e  a x i s  were p laced  
c l o s e r  t o g e t h e r .  
v e l o c i t y  v a l u e s  in such a way t h a t  they would y i e l d  a smooth c h a r a c t e r i s t i c  of 
t h e  & v a l u e ,  t h e  d i f f e r e n t i a l  q u o t i e n t s  are formed a t  t h e  measured p o i n t s  and 

connec ted  by a srrooth curve .  
o f  v e l o c i t y  d i s t r i b u t i o n  is determined f o r  s m a l l  d i s t a n c e s  from t h e  p i p e  c e n t e r .  

For t h i s  reason  t h e  measuring 

In o r d e r  t o  p l o t  a v e l o c i t y  c h a r a c t e r i s t i c  of t h e  measured 

dY 
NOW backward from t h i s  curve  t h e  c h a r a c t e r i s t i c  

rl 
Fig.  2 6 .  .*.'as a f u n c t i o n  of y / r  f o r  low Reynolds numbers. 

It w a s  p o s s i b l e  by t h i s  method t o  c a l c u l a t e  t h e  € - v a l u e s  n e a r  t h e  p i p e  a x i s  
more p r e c i s e l y .  
numbers (from 4 '103 t o  3240*103) were determined f o r  t h e  above d e s c r i b e d  16  
v e l o c i t y  p r o f i l e s  which are shown i n  Table  4 .  
of [ v a l u e s  over  t h e  p i p e  r a d i u s  comparable € o r  a l l  rangps  of  t h e  Reynolds num- 
b e r s ,  s i n c e  6 h a s  t h e  dimension of v e l o c i t y  x l e n g t h ,  t h e s e  v a l u e s  are d iv ided  

I n  t h i s  way t h e  va lues  i n  t h e  meascred range  of Reynolds 

In o r d e r  t o  make t h e  d i s t r i b u t i o n  

by v*r, where t,*=vj i . e . ,  the dimension of a ve:Loci;-:I. The a c t u a l  d i s t a n c e s  

from t h e  w a l l  are taken on t h e  pipe r z d i u s .  The L- ld t ionship  0) 
_. 
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i s  shown i n  FiEures  26 and 2 7 .  I f  w e  observe  t h i s  dependency i n  F ig .  26 ,  w e  
see t h a t  t h e  F v a l u e s  d e c l i n e  w i t h  increas ing .Reynolds  numbers t o  a 

1 3 .  r 

c o n s t a n t  v a l u e  which i n  t h i s  f i g u r e  i s  i n d i c a t e d  by a broken-l ine curve.  - / 21  

f 

Fig .  27. & as a f u n c t i o n  of y / r  f o r  h igh  Reynolds numbers. 
vkr 
v a l u e s  are p l o t t e d  f o r  Reynolds numbers R e  > 100.103. 

T h i s  curve  corresponds t o  t h e  broken-l ine curve  i n  F ig .  26 .  

e 
I n  F i g .  27 t h e  v,; 
Within a c e r t a i n  range  of  scatter they y i e l d  a curve  t h a t  is  independent of t h e  
Reynolds number. 
The broken l i n e  curve  i n  Fig.  27, which r e p r e s e n t s  t h e  

p i p e  a x i s  w a s  determined by e x t r a p o l a t i o n  It i s  c h a r a c t e r i s t i c  of t h e  c o u r s e  
of t h i s  v a l u e  t h a t  t h e  exchange magnitude a t  t h s  w a l l  i s  z e r o  because h e r e  no 
exchange can t a k e  p l a c e ;  w i t h  i n c r e a s i n g  w a l l  d i s t x x e  _- E 

c'* r '  

r a p i d l y ,  l i n e a r l y  - -  a t  f i r s t ,  and reaches a maximum ai 7 = r / 2 .  
t h e  p i p e  a x i s  _- E drops  a g a i n  t o  a ,el! ;ow va lue .  *rL t h e  i n c r e a s e  i n  t h e  

v i c i n i t y  of  t h e  w a l l  a more pronounced s ca t t e r  of  

,.,',. v a l u e s  n e a r  t h e  

i n c r e a s e s  

I n  approaching 

v.+ r F 
-- - 
v A r  v a l u e s  i s  observed 
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F - a s  a f u n c t i o n  of 1 
v, . r r 

T a b l e  4 

r = 2..i cm ! = 0.5 em r = 1.9 em r = 0.a em 

lC2,6 302 i 0.0401 
1.533.6 229 ~ 0,0.520 
141.6 181 1 0.0.34 

3410 

1040 
778 
5.X 
448 
318 
250 
204 
172 
140 
110 
77 

33,.i 

im 

47,8 

0,0101 
0,0193 
0,0:1 13 
0,0426 
0.0.542 
0,0c,2.? 
0,0770 
0,0844 
0,0860. 
0,0815 
0,07.?3 
0,OfiYS 
0,0455 
0,0293 
O.WL10 - 

0 . f  )i 
0.10 

126,s 129 ; o:o7:30 
108,s 99 , 0,0816 
90.4 81 0,0832 
72.4 68 0.0795 

E = t u r b u l e n t  t r a n s f e r  magnitude: %=1/5 = s h e a r i n g  stress v e l o c i t y  
Q 

= s h e a r i n g  stress 20 1: = & = p i p e  r a d i u s :  y = d i s t a n c e  from t h e  w a l l :  

a t  t h e  w a l l :  Q = d e n s i t y :  & = d i f f e r e n t i a l  v e l o c i t y  q u o t i e n t :  R e  = 

Reynolds number: u = mean v e l o c i t y .  v = kinemat ic  v i s c o s i t y .  

2 

- dY 

Table  4 cont inued  on p.  42 
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Table  4 cont inued  
. . ,  

- 

0,172 
0,oi 
0.07 
0,IO 
0,15 
0,L'O 
0,:10 
0,40 
0,50 
0,60 
0.70 
O,HO 
O,!,O 
0,!)6 
0,98 

0.02 
0,04 
0,07 
0 , l O  
0,15 . 0,20 
0.30 
0.40 
0,50 
0.60 
0,70 
0,80 
0,90 
0,96 
O,98 
__. 

Re = 336 . 101; D .  - 30,1 cm,s 
r = ?,R ern 

1117 
576 
337 
24.3 
173 
134,.i 

!)-k,O 
72.3 
50,3 
48.1 
39,2 
31,2 
21,s 
13.5 
!).6 

15Ofi 

4i;i 1 
:1:::1 
230 
179 
127 

;;n 

97,.i 
80.0 
64,s 
53.1 
41,9 
"4,8 
18.0 
12.3 

0.oOs3 
O.Olr , i  
0,02c; I 
0,O:GO 
0,0465 
0,O5G3 
0,0705 
0,0785 
0,0736 
0.0781 
0,0725 
0,0606 
0.04:j9 
0,0L'XO 
0.0197 

11.51 
I129 
IO! Y2 
10.iX 
!I98 
940 
823 
705 
597 
470 
3.52 
235 
117.5 
47,O 
33,5 

Ke = 235 

6 6 7  
L474 
4330 
L194 
W70 
5730 
3265 
!800 
2330 
1865 
1400 
932 
466 
186,4 
93.2 

!IOli 
8H7 
N O  
832 
785 
740 
647 
55.5 
4fO 
x i0 
277 
18.5 
v3.5 
37.0 
18,s 

215 0,0L80 

123 O,Or,!)% 
92,s O,Q790 

lfi!) 0,0577 

76 0,0402 
62 0,078.5 
51,7 0.070.i 
41,O 0,959.; 
27.8 0,0428 
17,s O,W1'78 
13.3 0.0189 - 

It'e = 2 i 9 0 .  10'; D. = 7 4 3  c m k  
r = 5.0 em 

He = 1959 . 101; D. = 7i.5 cm!s 
r E 5.0 em 

10'; rj ,  = RH,:i ctn,'s 
r = 5.0 I m 

0,0081 
0,0154. 
0,0251 
0,0338 
0,0459 
0,0558 
0,0692 

0,0792 
0,0767 
0,0710 
0,0596 
0.0435 
0,0278 
0.0195 

0,0790 

0,0079 
0,0148 
0,03$2 
0,0324 
0,0434 
0,0540 
0,0692 
0.0787 
0.0 7% 
0.0780 
G.0708 
0,0591 
0,0433 
0,0378 
0.0197 

18!)0 
977 
575 
414 
288 
223 
157 
118 

' 98 
81 
65,6 
5"0 
35,6 
223 
15,9 

1670 
873 
514 
3 70 
254 
198,3 
13Y 
106 
86,2 
70,2 
57,O 
45,:i 
31,5 
19,s 
13,9 -- 

0,0080 
0,0151 
0,0248 
0,0332 
0,0447 
0,055 1 
O,Ofi93 
0,077.5 
0.0791 
0,0780 
0,0721 
0,0600 
0,0431 
0,0376 
0.0196 

5460 
.i:345 
5172 
5000 
4730 
4430 
3900 
3:" 
2780 
2224 
1663 
1112 
556 

1860 
968 
57.7 
414 
280 
221 
151 
114,7 
95.0 
76,7 
63,2 
50,s 
31,s 

6760 
6670 
6412 
6210 
.it360 
551.5 
48W2 
4140 
34.50 
2760 
201;3 
1340 
690 
276 
138 

5900 
6770 
5595 
54 10 
5110 
4810 
42 10 
3604 
3005 
2404 
180:5 . 
1203 
601 
240 
120 

.If;(; 
313 
246 
168 

. 128 
10 z 
86,7 
69,s 
55,7 
33,8 
23.7 
16.8 

2% 21,1 
111 j 15,l 

t h a n  i n  t h e  v i c i n i t y . o f  t h e  p i p e  a x i s .  T h i s  i s  t o  be  expla ined  by the f a c t  
t h a t  i n  t h e  v i c i n i t y  of t h e  w a l l  t h e r e  i s  a g r e a t e r  i n f l u e n c e  e x e r t e d  by t h e  
v i s c o s i t y  . 

From it f o l l o w s  t h a t  t h e  mixing l e n g t h  i s  

The c o u r s e  o f  t h e  mixing l e n g t h  over t h e  p i p e  d iameter  a t  d i f f e r e n t  Reynolds 
numbers i s  c a l c u l a t e d  accord ing  t o  t h i s  formui? and presented  i n  Table  5. 
R/r = f ( y / r )  shows t h e  dependence o f  mixing lengzh  L upt? w a l l  d i s t a n c e  y i n  
nondimensional r e p r e s e n t a t i o n  (Figs .  28 & 29) .  It i s  t o  be observed t h a t  t h e  
mixing l e n g t h  i n  t h e  immediate v i c i n i t y  of  t h e  b a l l  (to about  y / r  = 0.07) 
i n c r e a s e s  l i n e a r l y  from ze ro .  Von Karman assumes this I-iqear i n c r e a s e  t o  b e  
R = xy wkerein y is t h ?  d i s t a n c e  from t t i 3  w 2 1  a n d  x 2 p r o p o r t i o n a l i t y  
c o n s t a n t .  This  h a s  t h e  v a l u e  x = 0.38 from R e  = 100'103 upward ( F i g .  2 9 ) .  
Below R e  100*103 w e  o b t a i n  x = 0.40 (F ig .  2 8 ) .  Above t h e  v a l u e  y / r  = 0.07 t h e  
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28. k/r as a function of y/r for low Reynolds numbers. 

. 

Fig. 29. !L/r as a function of y/r for high Reynolds numbers. 
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mixing length increases more S l o w l y  and in the pipe axis it reaches a fixed 
value O L  about E/r = 0.14 (Fig. 2 9 ) .  In this illustration the values of the 
dimensionless mixing leagth for the five Reynolds numbers Re = 105.103 to 
37.;Claib c L r c  plntted. liith a very narrow range of scatter they yield the saxe 
characteristic. From this diagram it can be recognized that at further in- 
creasing Reynolds numbers the values of the dimensionless mixing length Illr do 
not decrease furthzr at a specific dimensionless wall distance y/r. This is 
true because at Reynolds numbers indicated in Fig. 29, the influence of 
viscosity is no longer present. Below Re = 100'10 as a result of the effect 
of viscosity there is observed the change of the dimensionless mixing length 
a/r with the Reynolds number, Illr increasing with decreasing Reynolds number. 
Hence we obtain different L/r curves for different Re numbers in Fig. 28. The 
dependency alr as a function of y/r as shown in Fig. 29 can be obtained by /22 
the following Prandtl interpolation formula 

is obtained. 

When viscosity is also taken into consideration, a dimensionless equation 
results for the dependence of the mixing length upon wall distance from the 
following operation. 
determined by the physical magnitudes 

The flow ratios in the vicinity of the wall are of couirse 
and y alone. 0, Ll 

From these magnitudes the above mentioned dimensionless nagnitude 1' 

is formed. For the mixing length we thus have the equation (ref. 23) 

(32) 

17 = "* !/ can be regarded as a (variable) Reynolds cumber in the vicinity 
1, 

of the wall. Function f is to be determined empirically. Since 

v 
or after integration +I 

1'1 = J /(ti) 9 

(33) 

YO 

This formula obviously links the velocity distribvtioq to the law of resistance. 
The lower limit of the integral that is here designated v3, assuming an 
adequately exact formulation for f(q) .;LI th, .:i<i-i:v o i  the wall, is equal to 
zero in a smooth pipe and in a rough pipe it is equal to a length characteristic 
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f o r  t h e  roughness.  The de te rmina t ion  of t h e  f - func t ion  fo l lows  from t h e  meas- 
ured  v e l o c i t y  d i s t r i b u t i o n ,  i n  t h a t  f i r s t  2 i s  c a l c u l a t e d  and t h e n  2 / y  = f(q). 
T h i s  r e l a t i o n s h i p  i s  p resen ted  i n  Fig.  30 (Table  6 )  i n  l o g a r i t h m i c  s c a l e .  Each 
c u r v e  from t o p  t o  bottom corresponds t o  a s F e c i f i c  Reynolds nurrber t h a t  i s  s e t  
down as a parameter .  The uppermost p o i n t s  of  t h e  curve  a re  i n  t h e  immediate 
v i c i n i t y  of t h e  wall. The cu rves  from l e f t  t o  r i g h t  connect  p o i n t s  of  equa l  
y / r  v a l u e .  
R e  = 100*103 t h e  l o g  (R/y) v a l u e s  a r e  equa l  f o r  a l l  Reynolds numbers. 

In a d d i t i o n  t h e  diagram shows t h a t  f o r  a s p e c i f i c  y / r  cu rve  above 
- 1 2 3  

Tab le  5 
R as  a f u n c t i o n  of  y 
r r 
- 

R = Mixing l e n g t h ;  r = p i p e  r a d i u s ;  y = d i s t a n c e  from t h e  w a l l ;  R e  = 
Reynolds number; U = mean v e l o c i t y ;  v = kinemat ic  v i s c o s i t y .  

- 
ylr 

0,02 
0.04 
0,07 
0 , lO  
0,15 
0,20 
0,30 
$40 
0.50 
O,60 
0.70 
0.80 
0,XI 
0.96 
0,!)8 
I_ 

0,02 
0,04 
0,07 
0,10 
0,l s 
020 
0.30 
0,40 
0,50 
0,60 
0,'io 
0,40 
0,90 
0.96 
0.98 

. 

~. 

1/r 

Re=4.0.lOJ 
r=0,5 cm 

0,0120 
0,0220 
0,0351 
0,0460 
0,0634 
0,0758 
0,0996 
0,1180 
0,1320 
0,1422 
0,14!)2 
0,1520 
0,l XI0 
0,lf;os 
0,lfll.  

Re= 3%. lOJ  
r=2,5 cm 

0.0088 
0,0169 
0,0282 
0,0370 

. 0,0520 
0,0645 
0,0830 
0,1020 
0.1130 
0,1240 
0,1290 
0,1329 
0.1382 
0,1390 
0,1400 

_ _  
llr 

Re=6,1.1@ 
r=O,.i cm 

0,0114 
0,0212 
0,0340 
0,0146 
0,0616 
0,07,52 
0,0978 
0.1156 
0,1304 
0,1372 
0,1454 
0,1520 
0,1564 
0,1374 
0,1572 

Re= j2.7.103 
r=2,6 cm 

0,0086 
0,0164 
0,0279 
0.0374 
0.0.509 
0,063 1 
0,0845 
0.0994 
0,1110 
0,1218 
0,1294 
0. I330 
0.1359 
0,1389 
0,1381 

llr 
Re=9,2 .lo3 
r=0,5 cm 

0,0110 
0,0206 
0.0:330 
0,0444 
0,0614 
0,0742 
0,0968 
0,ll.X 
0,1376 
0,1341 ' 
0,1440 
0,1472 
O.14HF 
0: 1.5 48 
n , i m  

Rc=iito.103 
r=5,0,  cm 

0,0084 
0,0161 
0,0270 
0,0368 
0,050.5 
0,0(i2R 
0,0840 
0.1011 
0,1130 
0,1238 . 
0,1319 
0,1353 
o,l:!N9 
0,1400 
0,1390 

l r  

Re= 16,7.10a 
r=O,;, cm 

-- ___ 

0,0104 
0,0197 
0.0.128 
0,01:is 
0,C606 
0.0720 
0.0960 
0,1120 
0,1218 
0,1304 
0,1400 
0,1432 
0,1450 
0,lXO 
0,1540 

0,0082 
0.0158 
0,0262 
0,0356 
0,0500 
0,0624 
0,0820 
0,0990 
0.1 101 
0,1220 
0,1200 
0,1397 
0,1340 
0,1390 
0,1380 

llr 

r=0,5 cm 
~r=23,3.103 

0,0102 
0,O 195 
0,0325 
0.0428 
G,0588 
0,070 
0,0923 
0,1088 
0,1216 
0,1288 
0,1374 
0,1428 
0,1440 
0,1466 
0,1460 

l i p  = 19.59.10 
r=3,0 cm 

0,0081 
0,0156 
0,0260 
0,0355 
0,0496 
0,0622 
0,08;17 
0,1017 
0.1120 
0,1211 
0,1294 
0,1330 
0,1377 
b,139l 
0,1380 

-- 

- 
l/r 

Re=43,1.103 
r=1,0 cm 

~- 

0,0099 
0,0190 
0,03 1 5 
o,nm 
@,O.i64 
0,0665 
0,0872 
q, in.m 
0,1173 
0,1250 
0,l:M 
0, I :Is.? 
0,1417 
0,1454 
0,14fi4 

Re = 23.i0~10~ 
r=5,0 rm 

0,008 1 
0,0154 
0,0256 
0,03r,O 
0,0490 
O,Oljl5 
0,0829 
0,1000 
0.11!?0 
0.1230 
0.1312 
0,1340 
0,1360 
0,1380 
3,' 390 

llr 

Re= 105.103 
___ -- 

r = l , . i  cm 

0.0094 
0,0179 
0,1):KKl 
0,0400 
0,O.j $6 
Q.r)1iti2 
0.0S.t)O 
0.10 1 .? 
0,1136 
n . i m  , 

O , i : ( l O  
0,iJGi 
O,l:N8 
0,1418 
0,1433 

le=2790.103 
r=6,0 cm 

0,0080 
0,0 1 .i 1 
0,0251 
0,0342 
0,0492 
0.01i07 
0,0826 
0,1010 
0,1110 
0,1230 
n , m i  
0.13'0 
0,1368 
0,1390 
0,1390 

- -- 



The e q u a l i t y  of  t h e s e  v a l u e s  o f f e r s  new suppor t  f o r  t h e  h y p o t h e s i s  t h a t  i n  t h i s  
range of Reynolds numbers, a s i d e  fro= t h e  immediate v i c i n i t y  of t h e  Wall ,  there  
i s  no  e f f e c t  e x e r t e d  by v i s c o s i t y .  

F ig .  30. Lg (10 R/y) as a f u n c t i o n  of Rg'L\ 

5. C O N S I D E R A T I O N S  OK S I N I L A R I T Y  

Recent ly  von KQrm6n ( r e f .  2 4 )  succeeded i n  b a s i n g  a n o t h e r  viewpoint  on t h e  
P r a n d t l  l a w  o f  mixing l e n g t h .  

Concerning t h e  c h a r a c t e r  o f  t h e  dependence of t u r b u l e n t  stresses upon t h e  
f low f i e l d ,  two b a s i c a l l y  d i f f e r e n t  assumptions can be made. 
e s i z e d  t h a t  t h e  t u r b u l e n t  stresses can o n l y  b e  expla ined  by a n  " i n t e g r a l  l a w "  
from t h e  t o t a l  f low f i e l d  w i t h  i t s  boundary c o n d i t i o n s ,  o r  t h a t  t h e  t u r b u l e n t  
stresses a t  a g iven  l o c u s  a r e  a l r e a d y  determined by t h e  behavior  of t h e  next  
neighborhood i n  t h e  same way as by a d i f f e r e n t i a l  l r rw.  
developed by t h e  molecular  motion,  i . e . ,  f o r  laminar  f r i c t i o n ,  a d i f f e r e n t i a l  
l a w  i s  v a l i d  of  course :  t h e  laminar  stresses can be  expressed  by t h e  p r e v a l e n t  
v e l o c i t y  g r a d i e n t s  a t  t h e  l o c u s  i n  q u e s t i o n  2nd t h e  cc)1;ztant of  i n t e r n a l  
f r i c t i o n :  - 

It can b e  hypoth- 

For  t h e  stresses 

(36) d 14 z x p - .  
d Y  

Von KBrmBn tes ts  t h e  hypothes is  o f  R i i t r e F p n C i a 1  l a w  f o r  t u r b u l e n t  f lows.  
I n  o r d e r  t h a t  such a law can s t a n d ,  obvious ly  t h e  secondary motions i n s o f a r  a s  
t h e y  are  c o h e r e n t ,  must have no g r e a t  s p a t i a l  e x t e n t  and fur thermore  they  must 
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Table 6 

E= mixing l e n g t h ;  y = d i s t a n c e  f r o m  t h e  w a l l ;  rl =I v ,:y dimens ionless  
V 

7 

w a l l  d i s t a n c e ;  v;? = s h e a r i n g  stress v e l o c i t y ;  v = k i n e m a t i c  v i s c o s i t y ;  

- r = p i p e  r a d i u s ;  R e  = Reynolds number; u = mean v e l o c i t y .  

9 1 ul/ 'I I l b  - -- 

Re=43,4.103 Re = 105.10: 
r=1.0 cm r = 1,5 em 

'I 1 llY - 
~ ~ ~ 2 3 3 . 1 0  3 

r=0,5 cm 

tl 1 IlY 
Re = 4 - lo3 

r -- 0,5 cm 

28.30 0,379 
42.50 0,333 
56,60 0,295 
70,70 0,264 
85.00 0,237 
99.00 10,213 

113,OO 0,190 
127.30 /0,176< 
136,O '0,167c 
138,8 10.164 

Be = 396.10a 
r - 2.5 cm 

Re = 9,2 - lo3 
r = 03 crn 

5.75 0,553 
11,5 0,515 
20,l 0,470 
28.7 0,443 
43.1 0.409 
57,5 0,371 
86,3 0,323 

172,s 0.224 
201.0 0,206 
230,O 0,184 
258.5 0,165 
276,O 0,161: 
282.0 0,159; 

Re = 6.1 .lo3 
r = 0,s cm 

4.03 0,569 
8.10 0.531 

14.1 0,485 
20,2 0,446 
30,2 0.410 
40,3 0,376 
60.5 0,321i 
80,5 0,289 

101,O 0,261 
IZl,O 0,229 
141.0 0.208 
1€1.0 '0,190 
1F1,2 0,1735 
1z.3.5 0,164 
197,s 0.1603 

RC = 725- 103 
r - 2.5 cm 

- 
3,8 

1!,,6 

l!),O 
73,4 
98,O 

147 
196 
215 
294 
343 
392 
440 
470 
460 

34.2 

- 

- 
13 
26 
4 l; 
65 
98 

130 
195 
260 
323 
390 
4.55 
520 
585 
624 
636 - 

22. t 
45.: 
i9.1 

113,c 
169,4 
2%,( 
339 
4.52 
565 
678 
791 
904 

1017 
1085 
1109 - 

1 0,4!6 50 I 0,470 
0,47.5 100 I0.147 
0,450 175 lf),4:10 
0,423 2 10 j 0, UX) 
0,376 376 ' 0,364 
0.3.33 .XO I 0 . 3 ~  

0,2346 12.51 0 . 2 7  
0,2083 1504 0,"Of; 
0,1920 I754 O,IH7 

0,291 7.72 10,294 
0,262 lW) ,0,2.54 

0,02 
0.04 
0.07 
0,lO 
0,16 
0.20 
0 3  
0,40 
0,50 
0.60 
0,TO 
0,80 
0.90 
0,96 
0,98 

0,510 
0,488 
0,464 
0,429 
0,392 
0.350 
0,307 
0,272 
0,243 
0,215 
0,1965 
0.1785 
0,160 
0.153 
0,1512 - 

0.518 
0,4!1.7 
0.4% 
0,4:3:1 
0.404 
O.360 
0,:320 
0,280 
0,248 
0,217 
0,200 
0.179 
0.161 
0.1563 
0,1535 - 

Re= 1110- 10 
r = 5.0 em 

Re = 1536.10, 
r = 6,O cm 

Re = 1959.10: 
r = 5,O crn 

Re-2350.103 Re =2790 10 
r=5,0 em I v=S,O cm - 

0,43E 
0,42:. 
0,404 
0,:W 
@,RX 
0 , x  
0,2i: 
0,2,5i 
0,22; 
0,20; 
0.18; 
0,1a 
0,154 
0,141 
OJJU 

- 
0,834 
1 $33 
2.92 
4,lG 
6 2 5  
8.34 

12,Fil 
16,68 
20,85 
23.03 
29.19 
33.36 
3733 
40,OO 
4O.W 

- 
3,398 
3.375 
3,358 
0 , : w  
n , :33  
0,3P-C 
0,"1c 
0,253 
0,222 
0,"05 
0,163 
0,16.3 
0,153 
0,145 
0,142:. 

- 
0.284 
O,.jCfi 
0,99c 
1,419 
2.122 
2.83: 
425C 
5.66 
7.08 
8,50 
9,90 

11.32' 
12.75 
13.60 
13,w 

0,02 
0,04 
0,07 
0,lO 
0.15 
0,zo 
0.30 
0.40 
0,50 
0160 
0.70 
0,80 
0,90 
0.96 
0.98 

0,42 
0,84 
1,47 
2.10 
3.15 
4.20 
6,30 
8,40 

10,50 
12.60 
14,70 
16,AO 
18,90 
20,20 
20,60 

0,418 
0.401 
0,3S6 
0,367 
O,33(; 
0,314 
0,251 
0,293 
0,226 
0.20Ci 
0,lW 
0,169 
0,154 
0,146 
0,142 

0,411 
0,:KJ4 
0,375 
0,3.56 
0,:334 
O,Y12 
0,274 
0,248 
0.29 1 
0.203 
0,184 
0,167 
0,153 
0.145 
0,141 

0,404 I 0 ,w  
0 3 4  1.93 
0,366 3,381 
0,330 4.43 
0,'$27 - i , 5  
0.305 9,67 
O,2X 11,.50 
0,250 19,x 
0,224 24.20 
0,205 29,ou 
0,188 33.60 
0,138 38,158 
0,151 43,50 
0,144 46.42 
9,142 47.40 

0,406 
0,389 
0,372 
0.33.3 
0,331 
0,311 
0,276 
0,254 
0,224 
0,202 
0,185 
0,166 
0,153 
0,145 
0,141 

- 

0,70 
1.41 
2.46 
3.52 
5.27 
7.04 

l0,5l 
14,08 
17.58 
21,E 
24.62 
28.16 
3162 
33,75 

0.Xf 
1,13 
1,98 
2 9 3  
6,25 
5,66 
S,50 

11.30 
14,15 
17,oo 
19,RO 
22.60 
25,50 
27,20 

0,164 
0,328 
0,574 
0,520 
1,230 
1,64 
2,46 
3,28 
4,lO 
4,92 
5,745 
6,56 
7,72 
1,87 
8.05 

0,427 
0,4 10 
0,399 
0.375 
0,389 
0,316 
0,282 
0,249 
0,222 
0,203 
0,185 
0,166 

0,145 
0,151 

0,141 
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run similarly in the individual points of the flow field. 
is only valid for high 3eynolds numbers, the influence of viscosity can in 
general be neglected. I 

Since the hypothesis 

The mathematical formulation is now simple. 
the not absolutely'required assumption f o r  the following operation that the 
secondary motion in a system of coordinates which participate in the principal 
motion of the locus under consideration is stationary. 
considered to be two-dimensional, principal motion U in the x-direction being 
dependent only upon the transverse coordinate y. 
above coordinate system we allow to coincide with the point 011 which we focus, 
so that the principal velocity in the neighborhood of the point in question 
will be 

Von Kdrrnkn now makes 

The entire motion is 

The point of origin of the 

. .  
(37) 

lJo 
2 u= u,'y+---y2+ ... 

The total flow function 'Y with I) as flow fucction of the secondary motion is 

q r  &, y) = -!f + + . . . . + UT (2, y) . (38) 
2 6 

Since $ in the transition to another point will change similarly, it will 
change only by a factor A which is a measure of the intensity of fluctuatim 
movement, and a length measure !L for the spatial measurements of the flow 
field, i.e., if we write 

X = ~ E ,  y = l q ,  tp=Af(&?)  (39) 

f(C,\) will be independent of the choice of the locus investigated. 

If we eliminate pressure p from the Euler differential equations f o r  
smooth, stationary frictionless flow 

in differentiating the first equation with reference to y and the second with 
reference t o  x and then introduce the flow function by 

where u' and v' are velocity components of the secondary motion, we obtain 

(40) 

where A is the Laplace operator 
3~ a 2  d=a>+a!p  

After introduction of the above equation (38)  iii the next neighborhood of the 
point in question we obtain 
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a '  I 

and i n  t h e  d imens ionless  magnitudes f ,  5 and q 
. , . I  . 

where t h e  d i f f e r e n t i a t i o n  of f now i s  r e f e r r e d  t o  t h 2  new v a r i a b l e s  and q. 
The p r i m e  a t  U i n d i c a t e s  d i f f e r e n t i a t i o n  w i t h  r e f e r e n c e  t o  y ,  however. I n  I 

o r d e r  t h a t  f may be  independent of t h e  l o c u s  i n  q u e s t i o n ,  t h a t  i s  form A ,  R , U o '  
and Uo", t h e  c o e f f i c i e n t s  of t h i s  d i f f e r e n t i a l  equa t ion  f o r  f must b e  c o n s t a n t .  
A f t e r  d i v i s i o n  of Equation ( 4 2 )  by A2 w e  o b t a i n  

F .  

Iz 13 There fo re  U ' - - const, U " - = const O A -  ' A  

A A 
p 9 u;' - - 

13 (+means p r o p o r t i o n a l )  
u; - - must b e  t r u e ,  o r  

o r  

For t h i s  r e s u l t  :he fo l lowing  v e r y  c l e a r  o p e r a t i o n  can a l s o  be  effected.  
acco rd ing  t o  Betz ( r e f .  2 5 ) :  

The f l u c t u a t i o n s  o f  v e l o c i t y  of t h e  u-component of  a s p e c i f i c  l a y e r  o f  
t h e  p r i n c i p a l  f low w i t h  r e a n  v e l o c i t y  Uo deve lop  i n  t h a t  as a r e s u l t  o f  CLr- 
b u l e n t  t r a n s v e r s e  motion p a r t i c l e s  of a d j a c e n t  l a y e r s  wich g r e a t e r  o r  less  
v e l o c i t y  p e n e t r a t e  i n t o  l a y e r  Uo, r e t a i n i n g  t h e i r  o r i g i n a l  v e l o c i t y .  
p a r t i c l e s  o r i g i n a t e  i n  a r e a s  which a re  removed from t h e  l a y e r  under cons ide r -  
a t i o n  by l e n g t h  II1 t h e i r  v e l o c i t y  Uo + R i  Uo '  and t h e  f l u c t u a t i o n  of  t h e  u- 
component i n  l a y e r  Uo is  t h e r e f o r e  e q u a l  t o  

T h i s  concept can b e  s t i l l  f u r t h e r  extended. 
Uo + I I IUo'  t h e  p a r t i c l e s  i n  t h e  t r a n s v e r s e  motion a l s o  b r i n g  a long  t h e i r  mean 
r o t  a t  i o n  

I f  t h e s e  

( 4 3  
. _  

I n  a d d i t i o n  t o  t h e i r  v e l o c i t y  

C- rot U = U' ' 

5, = r o t a t i o n  U = Uo' i s  t h e  mean r o t a t i u n  i n  l a y e r  T I u  under c o n s i d e r a t i o n  and 
0 

-1 

= 5 0  2 11 UO'L " i  = go c 11 <% 
are  t h e  n i ~ ? - r ,  r o t a t i o n s  i n  t h e  l a y e r s  

a t  a d i s t a n c e  of * e , .  The r o t a t i o n  o t  LLF p z i i i c l e s  t b 7 t  p e n e t r a t e  i n t o  
l a y e r  Uo by t h e  t r a n s v e r s e  motion devi;.trs t h u s  t r - i . ,  c h e  mean r o t a t i o n  h e r e  
p r e s e n t  by t h e  amount 5 - & = ll 11;' 

4 9  
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These p a r t i c l e s  t h u s  c o n s t i t u t e  a system of d e x t r o r o t a r y  and i e v o r o t a r y  
v o r t i c e s ,  and t h e  t u r b u l e n t ' f l o w  v e l o c i t i e s  can now b e - r e g a r d e d  as  t h e  f i e l d  of 
t h e s e  v o r t i c e s .  
p a r t i c l e s ,  t h e i r  diameter  i s  ^ R 2 ,  
v o r t i c e s  w e  t h e n  o b f a i n  

1 

If 22 i s  t h e  average d i s t a n c e  of c h e  dext ro  and l e v o r o t a r y  
For f low v e 1 o c i t y . v  = v '  between two 

1 a'' - I? it -l & ) a -  I ,  I ,  rg". 
I 

(46)  -- 1 2 5  - . .  

By v i r t u e  of  t h e  assumed s i m i l a r i t y  of t h e  t u r b u l e n t  f l u c t u a t i n g  movenent, 

measurement R.  Then from ( 4 5 )  and ( 4 6 )  w e  have 
and R 1 - R 2  so t h a t  i n s t e a d  of 9.1 and 9.2 w e  can  i n t r o d u c e  a common l e n g t h  

I u; - 12 U,.' 

i n  agreement w i t h  t h e  Von KArmSn r e s u l t .  

8 

Earl ier ,  f o r  t u r b u l e n t  shear ing  stress T w e  had t h e  equat ion  

. r=--Q;Cr;l, 

where in  u' and v1 are t h e  components of  v e l o c i t y  f l u c t u a t i o n s .  
Theref  o r e  azaf a f  a vt . a !L? -- -Iz a-j . a% al: ay 

7 i Q 

o r  
(48) 

s i n c e  f i s  independent  of x and y w e  have c o n f i r m a t i o n  of t h e  P r a n d t l  expres-  

(4% 
s i o n  f o r  t h e  mixing l e n g t h  : ( I  ut2 

= 4 1271 

From t h i s  w e  o b t a i n  an e x p l i c i t  formula f o r  R 

It can  immediately b e  s a i d  with r e f e r e n c e  t o  t h e  range of v a l i d i t y  of t h e  
above h y p o t h e s i s  t h a t  i t  breaks  off  where U' and U" d i s a p p e a r ,  because then- Y 
i n  t h e  neighborhood o f  t h e  p o i n t  under c o n s i d e r a t i o n  can no l o n g e r  b e  approx- 
imated as i n  t h e  above d e s c r i b e d  d e f e c t  e q u a t i o n  ( L + i ) .  It i s  a l s o  immediately 
a p p r e c i a t e d  t h a t  t h e  p o i n t  i n  which t h e  d i f f e r e n t i a l  q u o t i e n t  of  t h e  p r i n c i p a l  
motion changes i t s  s i g n  ( i n  t h e  c e n t e r  of  t h e  channel )  s o  t h a t  on both  s i d e s  
t h e r e  i s  more weakly moved f l u i d ,  i s  d i s t i n g u i s h e d  irom Lhe o t h e r  p o i n t s .  
N a t u r a l l y  t h e  whoie h y p o t h e s i s  i s  incomplete  s o  long  as t h e r e  i s  no a c t u a l  
s o l u t i o n  of t h e  above d e f e c t  equat ion  of  t h e  reqir l rcd type.  

. 

Deduction of  t h e  v e l o c i t y  divt i . ibuLlvl i  '? and channel  

It i s  F o s s i b l e  r e a d i l y  t o  c a l c u l a t e  t h e  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  

50 
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channel  o r  p i p e  using f o m u l a s  ( ' 4 9 )  and (50) f o r  ch;. s h e a r i n g  s t r e s s  and t h e  
n i x i n g  l e n g t h ,  s i n c e  t h e - s h e a r i n g  stress i s  l i n e a r l y  d i s t r i b u t e d  h e r e ,  so  t h a t  
w i t h  T~ as s h e a r i n g  s t ress  a t  t h e  w a l l  an; y as d i s t a n c e  from t h e  middle  of t h e  
p i p e  and r as p i p e  r a d i u s  we have ?I . 

t = r o - +  1 

On t h e  o t h e r  hand accord ing  t o  Equat ion ( 4 9 )  and ( 5 0 ) ;  

U" Ir; 1 
ut= u* VT' 
- - = x - . -  

T h i s  e q u a t i o n  can b e  immediately i n t e g r a t e d  

1 \r. - - = 2 x - (fi - 4, u' v* 

where a i s  a n  i n t e g r a t i o n  c o n s t a n t  o r  

The i n t e g r a t i o n  c o n s t a n t  a is  determined f o r  U' from t h e  l i m i t i n g  c o n d i t i o n s .  
For v e r y  h igh  Reynolds numbers &J n e a r  t h e  w a l l  i s  v e r y  l a r g e  and approaches 

t h e  l a n i n a r  v a l u e  which i s  v e r y  l a r g e  because of  t h e  low v a l u e  of u .  

Without commiting a s i z e a b l e  e r r o r ,  w e  can a l l o w  t h e  p o i n t  where 

i n f i n i t e  t o  c o i n c i d e  w i t h  t h e  w a l l  ( y  = r ) .  
c o n s t a n t  as a=lr; 

dY 
= 

dY 1.I 
beconies 

Thus w e  o b t a i n  t h e  i n t e g r a t i o n  
dY 

1 L'* 1 =----- 
d y  2 x  V i  ( f i - i ' j j )  

and by i n t e g r a t i o n  between the l i m i t s  0 and y 

The mixing l e n g t h  increases l i n e a r l y  from t h e  wa!l accord ing  t o  t h i s  
s o l u t i o n  which w e  can demonstrate  t o  o u r s e l v e s  i n  t h e  fo l lowing  manner. 
t h i s  neighborhood t h e  s h e a r i n g  stress i s  s t i l l  s p p y w j n a t e l y  T 0 s o  t h a t  h e r e  

I n  

t h e  e q u a t i o n  1" < 
r, = (I x* - f" * 1 -  

i s  v a l i d .  Consequently w i t h  y1 as w a l l  d i s t a n c e  

5 1  



' ,  

whereby t h e  i n t e g r a t i o n  c o n s t a n t  on c o n d i t i o n  of  t h e  l a t e r  
s e c t i o n  on law of r e s i s t a n c e )  can be w r i t t e n  approximate ly  
t h e  wall i s  a c t u a l l y  ve ry  g r e a t .  Pence 1 G'" 

. -.- 1/12 
- x c, . - 

f c L 

0 

0 

re f inement  ( s e e  
as ze ro  s i n c e  U' a t  

and 
l = x  - = x y * ,  (X) ($) . - _ .  

as  s t a t e d .  I n  what range  t h i s  r e l a t i o n s h i p  i s  suppor ted  by our exper iments  i s  
i n d i c a t e d  i n  F igs .  30 and 31. 

5- . 

Fig .  31. as a f u n c t i o n  of  y / r .  . v* 

Law of  r e s i s t a n c e  

Independent ly  of t h i s  t h e o r y  von K5ri:iAn has g iven  a most s a t i s f a c t o r y  
e x p l a n a t i o n  of  t h e  l a w  of r e s i s t a n c e  i n  smooth a i d  TCX& p i p e s .  

H e  on ly  assumgs wi th  r e f e r e n c e  t o  t h e  mixirLg l e n g t h  t h a t  i t  i n c r e a s e s  out- 
. ward from t h e  w a l l  ( a  = xy where y now a g a i n  i n d i c a t e s  th;! w a l l  d i s t a n c e )  and i n  

o t h e r  r e s p e c t s  independent ly  of the  c1 ," rac t - r  P +  t 5 e  w n L  and of t h e  v i s c o s i t y  
i t  h a s  a s imi la r  course:  I '  _ -  -*"/( ;) 

r r 
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or  (5.3) 
- . ,  . 

a zone  imnedia te ly  a t  t h e  wall vhere laminar  f l o w  p r e v a i l s  mus t  of course  be 
excluded.  The  c o n d i t i o n  of equ i l ib r ium i s  

1 

-- o r  because of Equat ion (53) 

and i f  w e  i n t e g r a t e  between l i m i t s  y and r ,  w e  o b t a i n  

um,- lJ=vv ,g  , (3 
- 

where g i s  t h e  same f u n c t i o n  f o r  a l l  smooth p i p e s .  

has  been computed accord ing  t o  our  experiments  and i s  p resen ted  i n  Table  7 .  

Table  7 

The equa t ion 'U""x-u=f (~ / r )  
v* 

U-u as a f u n c t i o n  of v / r  - 
v* 

- 
Re 

- 
4 

u- ?I 

-- 
___ 

ue ~- 
12J2 
8.66 
7,40 
6,20 
533 
4,G9 
4,01 
3,02 
2,26 
1.68 
1,21 
0,81 
0,39 
O,13 
0,03 
0,03 
o m  

- 
i25 
- 
u- 1 

- 
1110 

u- 11 

- 

', 
-_ 
15.00 
1I,06 

8,R3 
l,.>9 
6,53 
5,35 
4.52 
3,36 
2.50 
1,77 
1,20 
0,76 
0,4o 
0.15 
0,o.r 
0.02 
0,oo 

I? 

2330 

u- 11 
- -  

( e  - 
13,119 
10,:w 
8,79 
7,38 
6,:):s 

4,4.5 
3,'8 
2,40 
1 , io  
1,11 
@,TO 
0,a.r 
0,09 

0,02 
0,oo 

535 

0,03 

!J/r 

1,oo 
0,98 
0,96 
0,93 
0,90 
0.85 
0,80 
0,TO 
0,m 
0,50 
0,40 
0,30 
0,20 
0,lO 
0,or 
0,02 
0.00 

1' 

1232 
8.08 
7,65 
6 3  
5.63 

4,OG 
3.05 
2,32 
1.71 
1,23 
0,83 
0,48 
0,20 
0107 
0,02 
0900 

4,73 

3,48 
9,15 
7,80 
6,76 
5,74 
4,70 
4,07 
3.10 
2,32 
1,74 
1,29 
0,84 
0,52 
0,19 
0,065 
0,026 
0,000 
~.. - 

12,50 
8,63 
7,45 
6,39 
5,67 
4,77 
4.14 
3,20 
2.33 
1,73 
1.24 
0,83 
0,48 
0,19 
0,M 
0,01 
o m  

L5,20 
0,&i 
8,06 
6,86 
6,06 
5,lO 
4,42 
3.28 
2,42 
1,74 
1,23 
0.77 
0,43 
0,143 
0,046 
0,023 
O,@)O 
- 1  - 

3.50 
9,48 
8J)O 
6,71 
5,99 
5,0.-t 
4,z-t 
3.24 
238 
1,75 
1,19 
0.78 
0,45 
0.13'4 
0,067 
0,037 
0,000 

L4.60 
10.60 
8.88 
7,.51 
6.G2 
5,61 
4,84 
3,52 
238 
1,80 
1,26 
0.84 
0,47 
0,158 
0,052 
0.026 
0.OoO 

1GJ0 
10,"O 
8,50 
7 3  
6.45 
5,4i 
4,66 
3,45 
2,58 
1,87 
1,31 
032 
0,46 
0,16 
0,(;7 
0,OR 
0,oo 

14,!JO 
10.54 
8.71 
'7J 1 
6.1.5 
5 3  
4.56 
3,20 
2,52 
1,80 
1,24 
0.80 
0.45 
0,:5 
0,04 
9!Y2 
0,OO 

14.90 
IO,O!I 
8..?4 
i,Ji 
6,45 
5,37 
4,60 
3.38 
2,53 
1,82 
1,24 
0,72 
0,37 
0,13 
0.04 
0,Ol 
0100 

- .  

U = maximum v e l o c i t y ;  u = a c t u a l  -$r'ioc*tv; TT,,. = lk 
v e l o c i t y ;  T = shea r ing  s t r e s s  a t  Lhe w a l l ;  q = u2 

P 2 ; =  Q 

= s h e a r i n g  stress 
p r e s s u r e  head of 
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> -  , 
maximum v e l o c i t y ;  e = d e n s i t y ;  y = d i s t a n c e  from m i d d l e  o f  t h e  p i p e ;  
r = p i p e  r a d i u s .  . . 

1 

T h i s  dependency i s  i l l u s t r a t e d  i n  F ig .  31. The s o l i d  l i n e  of t h i s  f i g u r e  is  
t h e  v e l o c i t y  curve  accord ing  t o  equat ion  (51) w i t h  x = 0 .36 .  T h e  dashed curve  
i s  drawn through t!ie exper imenta l  p o i n t s .  I t  i s  t o  b e  noted t h a t  i n  t h e  
v i c i n i t y  of t h e  w a l l  t h e  c a l c u l a t e d  v e l o c i t y  curve  shows a d e v i a t i o n  from t h e  
measured one. This  i s  t r u e  because t h e  h y p o t h e s i s  of s i m i l a r i t y  i s  n o t  f u l -  
f i l l e d  i n  t h e  v i c i n i t y  of t h e  w a l l  where an e f f e c t  i s  e x e r t e d  by v i s c o s i t y .  

. F r i c t i o n  o r  roughness  consequent ly  h a s  an i n f l u e n c e  o n l y  on t h e  i n t e r i o r  
i n  t h e  form of  a l i m i t i n g  condi t ion .  
i n  t h e  fo l lowing  way. I n  a t h i n  l a y e r  a t  t h e  w a l l ,  of d e n s i t y  S t h e  v e l o c i t y  
i s  determined o n l y  by t h e  v i s c o s i t y .  Thereby t h e  v e l o c i t y  d i s t r i b u t i o n  cal- 
c u l a t e d  accord ing  t o  t h e  above formula,  u s i n g  t h e  mixing l e n g t h ,  i s  conformed 
t o .  T h i s  i s  of Zourse a v e r y  s i m p l i f i e d  d e s c r i p t i o n  of t h e  e f f e c t  of  
v i s c o s i t y .  R must t h e r e f o r e  be assumed o n l y  up t o  t h e  v a l u e  x6 According 
t o  the known concept  t h a t  l e d  accord ing  t o  P r a n d t l  and von Ka’rman t o  t h e  law of  

v e l o c i t y  i n  t h e  v i c i n i t y  of t h e  w a l l  (1/7 e x p o n e n t i a l  law, e t c . )  on t h e  o t h e r  
hand, 6 can depend o n l y  upon t h e  p h y s i c a l  magnitudes i n  t h e  v i c i n i t y  of t h e  
w a l l  T o ,  ? >  v .  We t h e r e f o r e  w r i t e  

This  i s  found by von Ka’rmsn i n  smooth p i p e s  

- 

a v  
x V* 

d = - . - - ,  

where ci a g a i n  i s  a d imens ionless  cons tan t  t h a t  i s  independent  of  t h e  Reynolds 
number. I n  t h e  laminar l a y e r  T~ = 1-1 &; a t  t h e  boundary we  have t h e  v e l o c i t y  

dY 

V e l o c i t y  o u t s i d e  t h e  laminar  l a y e r  becomes 

S i n c e  t h e  e s s e n t i a l  i n c r e a s e  i n  v e l o c i t y  o c c u r s  v e r y  n e a r  t h e  w a l l ,  i t  i s  
s u f f i c i e n t  t o  c a r r y  o u t  t h e  i n t e g r a t i o n  w i t h  f ( y / r )  = 1. Thereby, with’new 
c o n s t a n t s  c and 6, t h e r e  w i l l  b e  i n  approximation 

I f  w e  i n t r o d u c e  t h e  r e s i s t a n c e  c o e f f i c i e n t  d e r i v e d  from maximum v e l o c i t y  
n 

and cor respondinply  t h e  Reynolds number . 
urn.. r 

’Re,,,.. = ---- 

t h e n  

. _  

($56) 
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Fig.  32 
1 iT as a f u n c t i o n  of ( ~ v , , , ~ ~ f i )  

The v a l u e s  f o r  t h i s  e q u a t i o n  as determined by experiment  are p r e s e n t e d  i n  
Table  8 and i l l u s t r a t e d  i n  Fig.  32. 1 i s  p l o t t e d  as o r d i n a t e  and t h e  

u s u a l  l o g  of  Remax 1% Since  t h e  s i m i l a r i t y  h y p o t h e s i s  
s t r i c t l y  speaking  r e f e r s  t o  f r i c t i o n l e s s  f l u i d s ,  and f o r  t h i s  reason  f o r  che 
comparison w i t h  t h e  experiment only f lows  are invoived i n  which t h e  e E f e c t  of 
v i s c o s i t y  i n  t h e  p i p e  i n t e r i o r  i s  very  s l i g h t ,  w e  have p l o t t e d  a s t r a i g h t  l i n e  
(1)  through t h e s e  p o i n t s  i n  which t h e  e f f e c t  of v i s c o s i t y  i s  p r a c t i c a l l y  no 
l o n g e r  p r e s e n t .  F i g .  32 shows t h a t  below l o g  (?emax 

s i g n i f i e s  t h a t  e f f e c t  of  v i s c o s i t y  w i t h  d e c l i n i n g  Reynolds nunber i s  i n c r e a s -  
i n g l y  s t r o n g .  

G' 
as a b s c i s s a .  

>. T h i s  \'$ 

'The s t r a i g h t  l i n e  is  d e s c r i b e d  by t h e  e q u a t i o n  

C o n s t a n t s  A and B were determined from t h i s  f i g u r e  and y i e l d e d  A = 4 . 7 5 ;  B = 
3 . 7 7 .  
v a l i d  f o r  a l l  f lows t h a t  are n o t  in f luenced  by  v i s c o s i t y .  For t h i s  reason  w e  

A s  t h e  h y p o t h e s i s  i n d i c a t e s ,  t h e  e q u a t i o n  of  t h i s  s t r a i g h t  1 i n e . i s  

are j u s t i f i e d  i n  e x t r a p o l a t i n g  t h e  dependence 1 . of l o g  ( R s a x  $'j) .Y - .. 
f o r  any magnitude of R e  max. 

We a l s o  p l o t t e d  a second s t r a i g h t  l i n e  (2) f o r  t h e  fo l lowing  c a l c u l a t i o n  
of  approximation,  r e f e r r i n g  e s p e c i a l l y  t o  t h e  b g i n t s  i n  t h e  middle  range: 
e q u a t i o n  i s  

t h e  

(56 1)) 1 -- = 4,16 + 3,9O Ig (h,,, fi) . v V' 

S i f t i l a r i t y  hypothes is  - -pnrd- i rg  t o  Pr3rListl 

The b a s i c  concept  of  the 'above  minute ly  d e s c r i b e d  von KQrm%n h y p o t h e s i s  of  
s i m i l a r i t y  is  t h e  assumption of the geometr ic  and mechanical  s i n i l a r i t y  of  t h e  
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c c CJ 
0 

e 
\ . .  

t u r h u l e n t  t r a n s f e r  mechanism. Through t h e  h y p o t h e s i s  t h a t  t h e  t u r b u l e n t  
f l u c t u a t i o n  motion i n  d i i f z r e n t  loci of  t h e  p r i n c i p a l -  f l o w  i s  d i s t i n g u i s h e d  
o n l y  b y  a l e n g t h  and t i n e  s c a l e ,  von Idrndn came t o ' h i s  law of u n i v e r s a l  velo- 
c i t y  d i s t r i b u t i o n  f o r  channel  and p i p e  f lows.  

' Only t h e  f i r s t  and second 
2 d i f f e r e n t i a l  q u o t i e n t  & and cl u 

o f  t h e  main f low u = u ( y )  are  taken  
i n t o  c o n s i d e r a t i o n .  P r a n d t l  ( r e f .  2 6 )  
t a k e s  t h e  view t h a t  such a s i m i l a r i t y  
o f  the secondary motion can s t r i c t l y  
speaking  o n l y  be  a n t i c i p a t e d  i f  t h e  
same s i m i l a r i t y  s a t i s f i e s  t h e  
p r i n c i p a l  motion. 

dY dyL, 
I 

F i g .  3 3 .  D e f i n i t i o n  ske tch .  L e t  (1) and ( 2 )  b e  two p o i n t s  of  
t h e  p r o f i l e  of  t h e  main f low,  t h e n  a t  

t h e  t r a n s i t i o n  from (1) t o  (2)  ve have t o  change t h e  scale of  l e n g t h  such as 
y and t h e  t i m e  scale such as y (y = d i s t a n c e  from t h e  a x i s  of s i m i l a r i t y ) .  

The most g e n e r a l  v e l o c i t y  d i s t r i b u t i o n  u (y )  which f u l f i l l s  t h e  s i m i l a r i t y  
hypothesis ' ,  i . e . ,  whose curve  upon change of t h e  y- and u-sca le  c o i n c i d e s  \ ; i t h - -  
t h e  f o r n e r  curvc ,  i s  r e p r e s e n t e d  by t h e  e q u a t i o n  , d = d y n + b ,  (57) 

where a and b are  c o n s t a n t s .  Earlier w e  i n t r o d u c e d  t h e  c h a r a c t e r i s t i c  magni- 
t u d e  v* = f o r  a t u r b u l e n t  flow ( tO=Qt,*z ). The magnitude vJc 

d e f i n e d  i n  t h i s  way by t u r b u l e n t  shear ing  stress T ~ ,  which magnitude has  t h e  
dimension of a v e l o c i t y ,  can be cons idered  as a measure f o r  t h e  tu rbu le r , t  
d e f e c t  mction. Because of t h e  e q u a l i t y  o f  two systems of c o o r d i n a t e s  which 
move toward each o t h e r  w i t h  cons tan t  v e l o c i t y ,  t h e  t u r b u l e n t  f l u c t u a E i o n  veloc-  
i t y  a t  any p o i n t  of  t h e  f low cannot depend upon v e l o c i t y ,  u ,  of t h e  main flow 
b u t  o n l y  upon t h e  v a l u e s  of t h e  d i f f e r e n t i a l  q u o t i e n t s  &, d u ... a t  t h e  p o i n t  

i n  q u e s t i o n  and a d d i t i o n a l l y  upon d i s t a n c e  y of t h e  p o i n t  from t h e  a x i s  of 
s i m i l a r i t y .  P r a n d t l  e s t a b l i s h e s  a s imple  e q u a t i o n  w i t h  a t  f i r s t  undetermined 

U 

. .. 

2 

dY dyL 

The s o l e  p o s s i b l e  v a l u e  f o r  which t h i s  formula is  d imens iona l ly  c o r r e c t  i s  
p = 1; q = 1, s o  t h a t  w e  have d t c  , 

I)* = x . Y d ! / *  

where x s i g n i f i e s  a u n i v e r s a l  c o n s t a n t .  P r a n d t l  now ialtps T = c o n s t  and a l s o  
v* = c o n s t  as t h e  s i m p l e s t  case. 
e q u a t i o n ,  t o  o b t a i n  

It i s  t h e n  p o s s i b l e  co i n t e g r a t e  t h e  las t  
$59) v = 3 In y + const = 2 In ('0 . 

X !IO 

It can  be  s t a t e d  concerning cons tan t  y t h a t  i t  has l e n g t h  a s  a dimension. It  
0 i s  a measure of t h e  d e n s i t y  of  t h e  laminar  l a y e r  i n  t h e  immediate v i c i n i t y  of  
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Table  8 

I 

:1 
4 
5 
f i  
7 
8 
9 

10- 
11 
12 
13 
14 
15 

16 
17 

19 
20 
21 
22 
23 
24 
2.5 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
3H 
39 
40 

41 
42 
4: $ 
44 
45 
46 
47 
4H 
4!1 
50 

51 
R2 
53 
.i4 
55 
56 
57 
.iR 
59 
60 

, 2  

ia  

.-If;.? 
Ki, I 
I i l i , G  
74.6 
so,.+ 
!JI j.0 
!I?(,.5 

1 5 , 7  
l.iO,H 
1 .i2,5 
174 
206 
237,R 
23;  
311 

14R,5 
184,O 
218,O 
263,O 
2114,o 
Yi5,O 
2!)0,0 
31 7,0 
:317,3 
337 
3R4 
424 
450 
475 
512 
547 
596 
644 
768 
ti27 
90 1 
97.5 

1040 
1155 
1254 

4113 
530 
592 
657 
554 
819 
901 

1045 
1198 
1301 

112,5 
151,5 
210,o 
247,O 
286,0 
R7,5 

11 1,8 
125,4 
142,3 
171,O 

d - 1  cm 
2.1) 1 o,nw 1 : )  . n! ) I  L' 1 
2.16 l),l)1.77 
2.71; I I,o I tin 
2$7 O,Ol!II)  
3J.1 O,W:34 

-3,63 0,095 
4,fi.i 0,042.i 
6,14 0,0.i9.i 

6,44 0,073 

a 1  '1; - .' 

5,65 0p3l2 

7,63 0,1oc~0 
11,RO 0,1:100 

10,"0 f),lSOti 
1'422 fl,3140 

d = 2  cm 
10,r,2 0,0460 

16.14 0,0983 
13,62 0,0710 

l9,48 0,1370 
21,iR 0,1643 
22;2 0,134 
2f,3 0,1552 
26,6 0,184 
26,6 0,186 
28;27 0,207 
33, 0.237 

37,7 0,340 

43,O 0,437 
46,O 0,495 
50,O 0,580 

35,2 0.311 

39,9 0,379 

d = 3  cm 

d = S  cm 

23;o ,0238 
25,7 ):0296 
28,O ,03173 
35.2 E .0.511 

3 
0,1.-,9 
O.l.i3 

- n, I '13 
0,2 1:1 
0,2X 
0,250 
0,272 
0,:)37 
0,4 4 0  
0,403 
0,450 
0,JlR 
0,590 
0,690 
0,920 

0 
0,70.5 
0,870 
1,030 
1,210 
1,325 
1,355 
1,463 
1,595 
1,598 
1,690 
1,870 
2,070 
2,160 
2,29 
2,460 
2,6160 
2,825 
3,015 
3,575 
3,77,i 
4,OFG 
4,430 
4,710 
6,310 
5,700 

3,54 
3,81 

4,70 
5,38 
5,64 
6.20 
7 7 0 6  
7,96 
8,60 

A 

4,23 * 

1,400 
1,825 
2,340 
2,820 
3,240 
1,125 
1,40.5 
1,562 
l,fi80 
2.06 

I 

N r  

( ; I  
I;? 
I;.! 
1; 1 
G-1 

66 
67 
611 
69 
TO 
71 
72 
73 
74 

75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
116 
87 
88 
89 
90 
91 
92 
93 
94 
8 3 
96 
97 
!I8 
99 

100 
101 
102 
1 OJ 
104 
105 
106 
107 

109 
1 IO 
111 
113 
113 
114 
1l.i 
; I6 
117 
118 
119 
120 
121 
; :I': 
l?.? 
124 
125 

-- 

io8 

nlilr cm 

1 H7,O 
L ' I H ) )  
? l ; I ) , o  

1 L'Ii,O 
1 i2,O 
2:!G,0 
,iW,O 
46Y,O 
67 1 ,O 
570,O 
856,O 
858,O 

10r,8,0 
1256,O 

40.5 
442 
458 
54.5 
,562 
596 
r22  
(Vi6 
6!)3 
770 
813 
R96 

1015 
!I 48 
976 

1085 
915 

1443 
1015 
1 084 
11 'Li 

1170 
lot5 

i!t:3 
HR3 
958 

1108 
306 
336 
364 
384 
846 
937 

1168 
1528 
19 19 
'M)20 
1620 
2213 
1869 
170 
20 !3 
2207 
2'208 
245.5 
2:!IxJ 
91 ir: 
' ) I 1  

2.i2.i 

_. __ 

1120 

27.56 

0,217 
0,250 
0,27:J 
0,:m 
0,:m6 
0,440 
0,480 
0.54 4 
0 p 5  
0,7 10 
0.790 
0,943 
1,200 
1 ,C).i.5 
1.1 10 
1,:M-l 
0,9:i0 
2,270 
1,IRH 
1 J0.i 
1,440 
1 JiO 
1,240 
1,176 
0$!)5 
r),H.ro 
1 ,OX) 
1,:iO.i 
0,198 
O,l.341 
0,177 
0,197 
0.850 
1,040 
1 ,.Xi' 
2,540 
4,000 
4,170 
2,675 
T,,(K)O 
3,550 
3,540 
4,0:10 
4,330 
4,H.iO 
(i,250 
5,200 
5,800 
5.86 
6,04 
7.20 
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Key f o r  Table  8: 

, - .  
.- . 

- . . I  . , 
i j l = T , =  C o e f f i c i e n t  of r e s i s t a n c e  w i t h  r e f e r e n c e  t o  maximum v e l o c i t y ;  

T~ = s h e a r i n g  stress a t  t h e  w a l l ;  q = B U2 = p r e s s u r e  l e a d  of  maximum 

v e l o c i t y ;  Q = d e n s i t y ;  R e  = - U * r  = Reynolds number of maximurn v e l o c i t y ;  

q 

I .  2 
I f  

V 

r = p i p e  r a d i u s ;  v = kinematic  v i s c o s i t y .  

t h e  w a l l .  The s o l e  p o s s i b l e  l e n g t h  t h a t  can be  formed from t h e  c h a r a c t e r i s t i c  
c o n s t a n t  of  t u r b u l e n t  f low i s  . We t h e r e f o r e  w r i t e  

(60) yo = Znhl.  L = m  J- ; v* 
('a u* 

In i n )  Therewith from (59) ,,=L I n Y * %  "( x v 

(611 o r  -=--(In u 1 Y ' " *  I n m  
v* x 

YY-3-  'I 
U 

and w i t h  V * " p  V 

1 .  
9 n= --. and The measurements produce 1 1 A = -  - I n m = 5 , 5 .  B = - = 2 , 5 ,  x c ( ~ , ~ o  

x x 

The d e n s i t y  8 of t h e  laminar  l a y e r  i s  t h e r e f o r e  o f  t h e  o r d e r  of inagnituze 

1 v  
... 

!'o = g ,'* ' 
whereby n o t h i n g  can y e t  b e  s t a t e d  concerning t h e  numerical  f a c t o r  supervening 
a t  yo. 

, t h a t  von KQrmLn arrives a t  w i t h  h i s  h y p o t h e s i s  of s i m i l a r i t y ,  which moreover was 
/ t o  b e  a n t i c i p a t e d .  

Equation (62)  i s  e x a c t l y  t h e  same e x p r e s s i o n  f o r  v e l o c i t y  d i s t r i b u t i o n  

6 .  LAW OF RESISTAXP 

The c o e f f i c i e n t  of  resistance A = & . d w h i c h  has a l r e a d y  been d e f i n e d  
dx q 

w a s  determined as a f u n c t i o n  of t he  Reynolds number o v e r  a l a r g e  range  and i s  
p r e s e n t e d  i n  l o g a r i t h m i c  scale  i n  Fig.  34.  The plotLec! p o i n t s  (Table  9)  
r e p r e s e n t  t h e  v a l u e  l o g  (1000 A )  beginning w i t h  V L i y  iow lieynolds number of 
about  3 * 1 0 3  on t o  t h e  upper l i m i t .  The measured v a l u e s  ~p t o  R e  100 '103 ( l o g  
R e  = 5) are i n  good agreement w i t h  t h e  B l a s i u s  f9rmui.a ').s = 0.316 which i n  

t h i s  f i g u r e  is  r e p r e s e n t e d  by curve 1. Above t h i s  l i m i t  t h e  measured A -  
v a l u e s  d e v i a t e  more and more from t h e  B l a s i u s  l i n e  w i t h  i n c r e a s i n g  Reynolds 

R e  114 

58 
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h number. 

from t h e  measurements b3 ’Stanton 2nd P a n n e l l ,  whi’ch e’xtended t o  Re 460*103 
( l o g  R e  = 5 . 6 7 ) ,  namely A = 0.0072 + 0.6104 
are i n  agreement with t h o s e  of Stanton and Pannell., they  are a l s o  r e p r e s e n t e d  
i n  t h i s  area b y ’ t h e  Lees formula.  Outs ide  t h i s  range our  measurements d e v i a t e  
from t h e  r e s i s t a n c e  v a l u e s  of  t h e  Lees curve ,  i n d i c a t e d  by 2 i n  F ig .  3 4 .  A s  
can  b e  seen  from t h i s  f i g u r e ,  t h e  d e v i a t i o n  i s  l a r g e r  w i t h  i n c r e a s i n g  Reynolds 
number. Recent ly  S c h i l l e r  and Hermann ( r e f .  28 )  set up t h e  formula of  

L e e s - ( r e f .  2 7 )  s t i -uc iu red  a formula A - f l +  ,lr” 

s iLce our  measurement r e s u l t s  
R e  0 . 3 5 .  

approximation 

on t h e  b a s i s  of  t h e i r  measurements and o u r s ,  accord ing  t o  t h e  Lees formula 
X = a + . I n  t h e  p r e s e n t  formula Y = and R e  = K. S i n c e  it i s  common 

g e n e r a l l y  t o  r e l a t e  t h e  Reynolds number and t h e  c o e f f i c i e n t  of r e s i s t a n c e  t o  
t h e  p i p e  d i a m e t e r ,  w e  r e c a l c u l a t e d  t h e  S c h i l l e r  ( r e f .  29)  formula on t h i s  b a s i s . -  

- 
Ren 2 V 

T h i s  produces t h e  formula 
(I;  1) 0,386 

1=0.oOs4+- - 
- .  Re”.’ ’ 

which i s  r e p r e s e n t e d  i n  F ig .  34 by t h e  dot-and-dash l i n e  3 .  It i s  t o  b e  noted 
t h a t  t h e  S c h i l l e r  curve  c o i n c i d e s  wi th  t h a t  of  S tan ton  and P a n n e l l  up t o  
R e  4 .  6’105 ( l o g  R e  = 5.67) .  
v a l u e s  determined by u s  t o  about  Re = u,d 

From t h e r e  on t h e  S c h i l l e r  curve  a g r e e s  w i t h  f h e  
= 2 . 5 * 1 0 6  o r  l o g  R e  = 6 . 4 .  

V 

Fig.  3 4 .  l g  ( l O O O X )  a s  a f u n c t i o n  of  (v) 
5 9  



Table 9. 

log A or 
Umax 

' 1  
2 
:1 
4 
5 
6 
7 
H 
9 

10 
l i  
12 
13 
14 
15 

16 
17 
18 
19 
20 
21 
22 
23 
24 
26 
26 
27 
28 
29 
30 
31 
32 

.33 
34 
35 
36 
37 
38 
39 
40 

41  
42 
43 
44 
45 
46 
47 
4 8  
49 
50 

'd = 1 cm 
42.8 
4S.3 
5l,4 
57.1; 
62,0 
70,2 
7fi,9 
9H,5 

I18,R 
121.0 
137.5 
lfXi,3 
189.0 
226,O 
311,o 

114,6 
148.4 
175,s 
212,5 
240,o 
21'44 
2x46 
258,O 
25!1,6 
275,8 
31.5 
34!) 
370 
392 
426 

,454 
495 
533,6 
638 
687 
752 
811 
863 
972 

1053 

402 
439 
488 
559 
627 
68A 
756 
879 

1010 
1106 

1 

0,634 
O. iX0  
0.7iO 
0,H.X 
0 p f ;  
1 ,(W 
1,08fi 
1,3.X 
1.5!)0 
1,626 
1.800 
2,075 
2.362 
2,78.5 
3,663 

2,8 1 
3,SO 
4.11 
4.8.5 
*5,:33 
.',,do 
5,85 
6.51 
6.53 
6,76 
7,42 
8,33 
8.52 
9.19 
934 

1rt.lt.i 
11,41 
1 2 , l l  
1 4 p  
15J2 
1 fi.35 
17.74 
1 8,80 
21.32 
22,93 

14,22 
15,25 
16,90 
lX.81 
21.11 
22.54 , 
24.86 
2830 
33,:iO 
34,50 

5,61 
7,30 
9,78 

11.26 
1236 
4.40 

Y 

as a function 
of l o g  R e  and 

&? 
function of 
log Re &!- 

0,ol:Ii5 
0,0135 
0,Ol:!> 
0,Ol:l.i 
0,0135 
0,Ol:L? 
0.0135 
0,013*5 
0,Ol:I.i 
0,01:15 
0,0135 
0,0136 

0,0135 
0.0 135 
0,Ol:l.i 
0,0135 
0,0135 
0,0119 
0,0119 
0,Ol l!) 
0,0117 
0,0119 
0,0119 
0,0119 
0,0119 
0,0119 
0,0119 
0.01 19 
0,0119 
0.01 19 
0,0119 
0.0119 
G.0119 
0,0118 
0,011 8 
0.01 16 
0,0116 

0,0114 
0,0114 
0,0114 
0,0114 
0,011& 
0.01 14 
0,0114 
O.Ol l4  
0.0115, 
0,0115 

0,01233 
0,01233 
0,01230 
0.012:39 
O,o 1200 
0.01214 

1.27 
4.GO 
.i.?O 
3.W 
7.30 
4.80 
8.97 

10,9 
12,l 
14,0 
16,7 
23,o 

I7,O 
?2,0 
2Ci.O 
:i1,5 
:iqi,6 
3c,p 
39.2 
43<2 
44,4 
4fi.4 
*i3,0 
5H,7 
62.2 
66,O 
71,4 
75,2 
83.3 
69.6 

107.3 
1 1 r,,2 
1%,5 
137,s 
1 q o  
1 tiH,O 
182.0 

106,O 
1 15,s 
128.5 
147.0 
165.0 
181,O 
199.0 
231.0 
266.0 
%%e-. 

I 

- u = mean 
velocity 

v = x =  

kinematic 
viscosity; 

? 
d = 2 c m  

0,0274 
0,0253 
O,02.i0 
O,W:S7 
0.0224 
0,02243 
0,0223 
0,02274 
0.0216 
0,(E 1 2 
0,0196 
0,0201 
0,0188 
o,01n4 
0,01!)0 
0,01885 
0.0168 
0,0 183 
0$1178 
0,0172 
0,0167 
0,01665 
0,0166 
0,O 16 14 
0,0157 

P =  
viscosity 
constant; 

Q = density; 

Re = Reynolds 
number ; 

d = pipe 
diameter 

& = pressure 
dx 
drop 

d = 3 c m  
0,0180 
Oj8174 
0,0171 
0,01638 
0,01 F B 8  
0,01549 
0,01560 
0,Ol .',oo 
0.01470 
0,0143.5 

0,495 
0,570 
0,iOO 
0,870 
1.092 
1.246 
1,520 
1,970 
2,545 
2,990 

x =dp. A =  
dx q 

coefficient of 
resistance 

q = 2 = hea, 
2 

pressure of mea 
velocity ; 3.02::o I 

63 172.0 
Umax = maximum 
velocity. 
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, b  
I I .  I I T 

g X or 
u depen- 

d e n t  on l g  
R e  and 1 
urnax 

T - T  
depend en t 0' 
l g  R e  v?i- 

57 
.-j?i 

5 0 
IN 
(i 
fi!! 
(;:I 
64 
chi 
6(i 
67 
68 
6!) 
70 
71 
72 
73 
74 

75 
76 
77 
78 
79 
80 
81 
82 
83 
84 
85 
86 
87 
6R 
89 
90 
91 
92 
93 
94 
95 

\ 96 
97 
98 
99 

100 
101 
I (Y2 
103 
I04 
105 
106 
107 
108 
109 
110 
111 
112 
113 
114 
115 
116 
117 
118 
119 
120 
121 
122 
123 
124 
125 

!Ill$ 
102,.i 
11 6.5 
140 .0  
1.53,.i , 

17!),5 
21 l,4 
103.0 
111.0 
1!14,5 
423.5 
39;r.O 
570,O 
6S2,O 
733 
740,O 
913,s 

1082,O 

34.53 
377,l 
392.7 
466;3 
482,R 
510,O 
533,2 
569,l 
60&0 
660.3 
704.0 
769,8 
876 
810 
843,4 
n40,o 
790 

1248 
883 
944 

1005 
982 

1020 
'900 
685 
76 1 
830 
958 
259 
286.8 
309,5 
325.4 
726.0 
806 

1013 
1325 
1691 
1765 
1410 
1926 
1630 
1fQ0 
1758 
1940 
1930 
2150 
2010 
2150 
2lfi3 
2'220 
2425 

* '  d 

0,0inr33 
0,01080 
0,01083 
0,01080 
0,01079 
0,01079 
o.nio8o 
0,01079 
0,01072 
0,0110 
0,0111 
0,0110 
0,0121 
0,0111 
0,01094 
0,01088 
0,0077 
0,01125 
0,0077 
0,0077 
0.007(j 
0,0072 
o,(m 1 
0,0070 
0,070 
0,0070 
0,0070 
0,0070 
0,01087 
0 ,0 1083 
O,(J 10,33 
0,0108:3 
0.0122 
0,0121 
0,01125 
0,01125 
0,0110 
0,0110 
0,0083 
0,0083 
O.OOH0 
0,0070 
0,00835 
0,0084 
0,0082 
0,0110 

0,007!) 
0,0078 

0.077 
0,0074 
0.007.5 

37, I 
42.0 
47,7 
57.6, 
Kl,% 
n,f3 
R X , 3  
38.4 
53,O 
iCi.0 

171.5 
-213A 
294 
264 
396 
400 
49:3,4 
670 

31H.9 
34'1.6 
363,O 
481.5 
446,s 
,473.0 
493.7 
562.6 
597,O 
FO0,O 
6:l.i 
TOO 
725 
737 
771 
865 

102.5 
1108 
1148 
1223 
1320- 
I364 
1438 
1285 
979 

1088 
118.5 

i368 
238,8 
261,4 
285.4 
300,O 
595 
666 . 
900 . 

1178 ' 
I539 ' 
1600 
1700 . 
1850 
2038 
2062 
2130 
2710 
2331 
1964 
2580 
2722 
2810 
:3(HK) 
:12:10 

0,0237 
0$I"!N 
0,0 io') 

0,ob:H) 
0,0'160 
O,OL'-IO 
0,0123 
0,0701 
0,296 
0,250 
0,488 
0.640 
0.757 
0,7h2 
1,140 
1,470 

0,fi IhO 

0;2:340 
0,2840 
0,316 
0,387 
0,480 
0,422 
0,444 
0,536 
0,372 
0.92 
0.4.55 
0,322 
0,576 
0,540 
0,596 
0,471 
0,278 
0,340 
0,400 
0,522 
0,514 
0,612 
0,708 
0.788 
0,340 
0,416 ' 
0,623 
1,015 
1,600 
1,670 
l $ i O  
2,000 
1,420 
1,415 
1,613 
1,910 
1,94 
2, : w 
' 2,050 
2,317 
2,345 
2,470 
2,X8 __ .- 

i,O 1277 
1,0125 
1,0125 

i ),O 1 %'d 
Q7,0126 
l),01227 
0,01188 
0,01170 
0,01159 
0,ot 146 
4 1,o 11.3) 
~I.O11lF, 
i l ,Ol 19 
0,01122 
,101141 
J.OIlG1 
O , ( I I  1.5 
0,0114 
0,01115 
0,0150 
0,01459 
0,01446 
0,01457 
0.01265 
0.01235 
0,0119 
0,0113 
0,01098 
O,r)105 
0,010fjo 
0.01 0.58 
o,rr i o+,+ 
O,C! 029 
A,WOC)J 
0,01621 
0,0106 
1 , _ I  , J : h  

0,M98 
0.00085 
O.M)!)UU 
O.Ot)!)h0 

0 , I  I I I ,4> 

6,66 
6,75 
6,W 
7 A )O 

s 7$!9 
7 3  
7.w 
6,71 
6.93 
7,42 
7,RB 
7.99 
8.26 
8,24 
8,51 
8,63 
8,69 
9,02 

8,39 
8.49 
8,48 
8,62 
8,66 
8.67 
8,69 
8,71 
8,87 
8,86 
8,95 
8,80 
9,OL 
R,9l 
9,02 
9,lR 
9,25 
929 
9,3 t 
Y.3.i 
9,4R 
9.53 
9.45 
9,35 
9,28 
9,33 
9,:17 
$47 
8,17 
8,29 
832 
8 3  
8.90 
8,93 
9,17 
9,41 
934 . 
9.76 
9.7 1 
D,72 
9,HO 
Y,79 
9,157 

10.02 
939 
!),71 

10,m 
10.10 
10.n6 
10,06 
10,07 

- J i  I ma. -1 . 

0,r12 
I),Y I T 
0.8 I!) 
0,H 19 
0.x"1 
O , W  
O,%!:, 

0,820 
0,824 
0,842 
0.844 
0349 
0,817 
0,8.16 
0.862 
0,855 
0,861 

0,854 
O,X.i3 
0.8.57 
0,856 
0,859 
0.855 
0.8.57 
0,835 
0,86C. 
0,8.iS 
0,866 
0,h69 
0,rjs:i 
0.354 
0,864 
0,866 
0,863 
0,864 
O,H(i') 
0,871 
0.870 
0,877 
0.872 
0,861 
0,664 
0,862 
O,Ar,ri 
0,u63 
0,h46 
0,854 
0,h50 
0,847 
0,858 
0.860 
0,867 
0,867 

0.874 
0,870 
0,871 
.0,872 
0.872 
0,875 
0,879 
0,874 
0,872 
0.874 
0,879 
0.878 

0,x17 

0,h68 
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From l o g  R e  = 6 . 4  on t h e  S c h i l l e r  curve d e v i a t e s  from o u r s .  
i n c r e f s e s  w i t h  t i n c r s a s j n g  Reynolds number. 
Schi l le r -Hemann formblas  from t h e  measured curves  o'ccur because t h e  f o r n u l a s  
are  c a l c u l a t e d  d i r e c t l y  from t h e  measurements and t h e r e f o r e  they  a r e  only  
c o r r e c t  t o  t h e  e x t e n t  o f  t h e  experiments .  W e  have now succeded by a n o t h e r  
method which i s  de$cr ibed  below i n  e s t a b l i s h i n g  a formula of  approximation 

1 * 1 0 8  ( l o g  R e  = 8.0) seems t o  b e  confirmed. 
c u r v e  4 .  It w i l l  be noted  t h a t  t h i s  curve  a t  t h e  upper l i m i t  ( l o  R e  = 6 . 4 )  
d e v i a t e s  downward from t h e  S c h i l l e r  Hermann curve ,  and a t  R e  1 - 1 0  i t  d e v i a t e s  
more pronouncedly from t h e  S c h i l l e r  c u r v e  t h a n  t h e  l a t t e r  does from t h e  Lees 

This  d e v i a t i o n  
The d e v i a t i o n s  of the Lees and 

I 

i 
c 1 .  

t which r e l a t e s  t o  t h e  upper l i m i t  of t h e  B l a s i u s  l a w ,  and whose v a l i d i t y  t o  R e  = 
T h i s  formula i s  r e p r e s e n t e d  by 

% 

curve .  

- 
; t e s t e d  e x p e r i m e n t a l l y .  
' c o n s t r u c t e d  formula,  however, namelv . 

Previous  methods o n l y  g i v e  u s  formulas  f o r  t h e  range t h a t  h a s  been /32 
Von Kdrmfin's formula on page 43 s u g g e s t s  a s i m i l a r l y  

- _  = . . A + I I I ~ ( R ~ \ / ~ ) .  (6 I) 
I/ I. 

The d i s t i n c t i o n  l i e s  i n  t h e  f a c t  t h a t  von Kzrmdn relates t h e  r e s i s t a n c e  anh 
Reynolds number t o  maximum v e l o c i t y  and p i p e  r a d i u s ,  whereas w e  use t h e  mean 
v e l o c i t y  and t h e  p i p e  d iameter .  ) 

t h e  e q u a t i o n  t h e n  takes t h e  form 

I f  w e  w r i t e  - 1  =~ and. l o g  (Re v)=z, 
v 

y = A + B x  
1 - 

I n  F ig .  35, y = s f i  

x = l o g  (Re 15 ) (Table 9) .  W e  chus obta i r ,  s t r a i g h t  l i n s  1 and f o r  c o n s t a n t s  

A and B w e  have t h e  v a l u e s  A = -0.8 and B = 2 .0 .  I n  F ig .  35, t h e  exper imenta l  
r e s u l t s  of  v a r i o u s  i n v e s t i g a t o r s  a r e  p l o t t e d ,  whereby i n  l a y i n g  dovn t h e  
s t r a i g h t  l i n e s  less weight is placed on t h e  Ombeck v a l u e s  because t h e s e  exper- 
iments  t h a t  were Derformed w i t h  a i r  are somewhat less  c e r t a i n  on account  of t h e  
changes i n  volume of t h e  a i r .  From x = l o g  (Re -m) w e  c a l c u l a t e d  t h e  v a l u e  
R e  c, d i v i d e d  by - 1 = K a n d  obta ined  t h e  Reynolds number. 

o b t a i n e d  a dependence of  t h e  c o e f f i c i e n t  of  r e s i s t a n c e  upon t h e  Reynolds 
number from t h e  above equat ion  

i s  p l o t t e d  accord ing  t o  t h e  measurements as a f u n c t i o n  of 

4 

Thus we have j Y 

X = f (Re) ,  

It can b e  a n t i c i p a t e d  w i t h  a c e r t a i n  p r o b a b i l i t y  t h a t  w e  may e x t r a p o l a t e  
4 

r a t h e r  wide ly  from t h i s  formula,  even though n o t  t o  R = as i n  t h e  von Karman ' 

1 formula.  
? 

~ . ;  

. ..d 
A I n  F i g .  36 t h e  r e l a t i o n s h i p  X = f (Re)  i s  shown as i t  appaars  i f  e x t r s p -  

o l a t i o n  i s  c a r r i e d  o u t  t o  h i g h  Reynolds numbers, t o  R e  = 1 - 1 0 *  w i t h  t h e  
c o n s t a n t s  A and i: as determined by measurement. ~ 

We can now apply  t h i s  formula i n  a s i m i l a r  manner t o  o b t a i n  a more 
convenient  formula of approximation f o r  h t h a n  Lees and S c h i l l e r  and Hermann 
have done [-n t h e  b a s i s  of  kj-periments. 
g i n  wher- t h e  t i l d S L l i '  furmula l e a v e s  o f f .  A t  t h e  end of t h e  range w e  e s t a b l i s h  

A 
The range of t h e  new formula i s  t o  be- - %  

j R e  = l*lOQ. 

i 
4 
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From curve  4 of F i g .  34 we f ind  € o r  t h e  c o n s t a n t s  of t h e  approx ina t ion  
f o r n u l a .  = a + b , 

Ren 
t h e  v a l u e s  a = 0.0032 b = 0.221 n = 0.237; 

and the reby  A = 0,m32.'+-'-y--. 

.- A 

' (65) ' 0 321 
R8.m 

I n  o r d e r  t o  tes t  t h e  above formulas of B l a s i u s ,  Lees,  S c h i l l e r ,  Hermann 
and o u r s e l v e s ,  i n  F ig .  3 7   the r e l a t i o n s h i p  r- w a s  c a l c u l a t e d  

and p l o t t e d  accord ing  t o  t h e  r e s p e c t i v e  formulas .  
c a l c u l a t e d  from o u r  measured va lues .  

' I - f [Ig(Rf J 

The p l o t t e d  p o i n t s  are 
Below l o g  R e  E = 3.7 t h e  v a l u e s  of  

7 are below t h e  s t r a i g h t  l i n e .  T h i s  i s  t o  be exp la ined  i n  t h a t  t h e  
e f f e c t  of v i s c o s i t y  a t  t h e s e  Reynolds numbers i s  s u b s t a n t i a l .  Above t h e  in-  
d i c a t e d  l i m i t s  t h e  e f f e c t  of v i s c o s i t y  i s  n e g l i g i b l e  and t h e  exper imenta l  p o i n t s  
l i e  on t h e  s t r a i g h t  l i n e .  
from s t r a i g h t  l i n e  4 below l o g  ( 
4 0 - 1 0 3 ) .  ) = 5 . 1  
(Corresponding t o  a Reynolds number of about R e  = 100'103) t h e  curve  i s  super -  
imposed on s t r a i g h t  l i n e  4 .  
pronouncedly from s t r a i g h t  l i n e  4 .  I n  a d d i t i o n  curve  1 shows, I n  agreement ' 

w i t h  ear l ier  f i n d i n g s ,  t h a t  t h e  B l a s i u s  l a w  i s  on ly  v a l i d  t o  l o g  ( R e  J ' ) / 3 3  
= 5.1 cor responding  t o  a Reynolds number of i3e = 100.103. 
are  c a l c u l a t e d  acco rd ing  t o  t h e  formulas of Lees and S c h i l l e r  and d e v i a t e  a t  
l o g  @e 6 - 1  = 4 . 7 ,  (Re about 4 . 5 * 1 0 5 ) ,  and a t  l o g  (Re 
number about  1.9.106) f r o n  t h e  s t r a i g h t  l i n e s .  
o f  c u r v e  4 f o r  R e  >1 -108  a cor responding  d e v i a t i o n  occur s  h e r e  a l so .  

_- 
Curve 1 c a l c u l a t e d  by t h e  B l a s i u s  formula d e v i a t e s  

R e  fl ) = 4 . 0  (cor responding  t o  about  R e  
Above t h i s  i n d i c a t e d  Reynolds number t o  about l o g  (Re 

I n  i t s  f u r t h e r  c o u r s e ,  curve  1 d e v i a t e s  upward 

Carves 2 and 3 

) = 5.25 (Reynolds 
I f  w e  p l o t  t h e  r e s i s t a n c e  v a l u e s  

For t h e  fo l lowing  c a l c u l a t i o n s  of approximation s t i l l  a n o t h e r  s t r a i g h t  l i n e  
( 2 ,  F ig .  35) i s  p l o t t e d  wi th  t h e  equa t ion  

I 

Fig .  35. l g  (1000 A )  a s  a f u n c t i o n  of l g  Re 

64 
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7.. R e l a t i o n  betwFc;?n,, t h e  mean and t h e  naxixun v e l o c i t y  - , - . - .  , 

a )  According t o  a p roposa l  of P r o f .  P r a n d t l  t h e  von Kakndn l a w  of resis- 
t a n c e ,  Equat ion (56b) i s  c o r r e l a t e d  wi th  our  Equat ion (64b) by means o i  

.Equat ion ( 5 4 ) :  1 .,' . I .  I 
< 

I 

. *  I . ,  

From t h i s  t h e  mean v e l o c i t y  ii can  be determined by g raph ic  i n t e g r a t i o n ,  
w i t h  U - u '  as f u n c t i o n  of ( y / r > 2 ,  s o  t h a t  w e  o b t a i n  

VJX 

_- 
By developing  t h e  i n t e g r a t i o n  w e  ob ta ined  B = 4.03.  With t h i s  r e l a t i o n s h i p  
w e  ob ta ined  t h e  connec t ion  between t h e  von Kdrrn&i law of r e s i s t a n c e  and o u r s  i n  

! t h e  fo l lowing  manner. From von Ka'rma'n's Equat ion (56b) ,  w e  i n t r o d u c e  

v* u fi = 1,414 - U . r  Re,,,.. = - 
v and 

i t  f o l l o w s  t h a t  

o r  

Analogously,  from our  Equat ion (64b),  i f  w e  i n t r o d u c e  

I C . 2 r  Re=- 2nd 

w e  o b t a i n  

_ -  li - a + b  I g [ 2 . R 8 ( y ) ]  
, t'* 
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Equat ion ( 6 6 )  now r e q u i r e s  t h a t  c o n s t a n t s  B and b i n  e q u a t i o n s  ( 6 7 )  and ( 6 8 )  
be  i n  agreement.  This  e q u a t i o n  can b e  used by ba lanc ing  between t h e  d i f -  
f e r e n t  diagrams t o  d e r i v e  t h e  b e s t  v a l u e  of B = b.  From t h i s  b a l a n c i n g ,  

-The optimum v a l u e  o f  B = b was 5.52. With t h i s  w e  de te rmine  f u r t h e r  

I 

r e f e r e n c e  i s  made t o  t h e  p r e v i o u s l y  mentioned s t r a i g h t  l i n e  2 i n  t h e  f i g u r e s .  I 

A = 5.87 a = -1.555 

and hence 

A'  = 6 . 6 8  a'  = 2.63 

By i n t r o d u c t i o n  of t h e s e  v a l u e s  and s u b t r a c t i o n  of EquaCion ( 6 7 )  and ( 6 8 )  
i t  t h e n  f o l l o w s  t h a t  

which i s  i n  good agreement w i t h  t h e  ear l ier  r e s u l t .  I n  f i g .  38 t h e  experi- 
menta l  v a l u e s  1 and 2 a r e  p l o t t e d  as f u n c t i o n  of l o g  v*r. The las t  two 

V* V* V 

s t r a i g h t  l i .nes l a i d  down are p a r a l l e l  and t h e  d i f f e r e n c e  of  t h e  f u n c t i o n  
v a l u e  i s  on t h e  average  4 . 0 3 ,  as above. The e q u a t i o n  f o r  i l n rve r sa l  veloci-ty 

d i s t r i b u t i o n  on t h e o r e t i c a l  g rounds( ref .  30) ought t o  a g r e e  w i t h  e q u a t i o n s  
( 6 7 )  and ( 6 8 )  i f  t h e  s t r a i g h t  l i n e 9  =p(r,) i s  p l o t t e d  o n l y  through t h e  
p o i n t s  n e a r  t h e  w a l l ,  i n s o f a r  as c2 = b. I n  f a c t  t h e  s t r a i g h t  l i n e  

cp-= 5,84 + 5,52 lg 7 
-. 

i s  i n  good agreement w i t h  t h e  exper imenta l  p o i n t s  near  t h e  w a l l .  The v a l u e  
5.52 cor responds  t o  a v a l u e  o f  von Karman's u n i v e r s a l  c o n s t a n t s .  

Y" 'z:? - - 0.417. 

b) By d i v i s i o n  of equat ion  ( 6 1 )  3nu <(;?) ii - . j z  o b t a i n e d  a s  f u n c t i o n  
U 
- 

6 6  



t? 8 

A 

1 
F i g .  37. E as a function of l o g  (nc)r5;, 
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of v*r b u t  t h e r e w i t h  a l s o  as f u n c t i o n  of t h e  Reynolds number t h a t  i s  ex- 

p re s sed  by v*r s i n c e  
V 

V 

* can however a l s o  be expressed  by means of equa t ion  (64a) by v*r . I n  

FPg. 39 t h e  thus  ob ta ined  e q u r t i o n  
V ]'i 

3 8 f o r  Reynolds numbers 3 '10 t o  1 '10 are drawn i n .  I n  a d d i t i o n ,  t h e  
expe r imen ta l  v a l u e s  of S t a n t o n  and Pann 11 and our  own are p l o t t e d  ( t a b l e  9 ) .  
I n  t h e  zone of developed laminar  f low 7- 0.5. 

I t  w i l l  be noted  t h a t  t h e  measured p o i n t s  up t o  Reynolds number R e  = 200'10 
( l o g  R e  = 5 . 4 )  d e v i a t e  from t h e  c a l c u l a t e d  curve :  they are connected by a 
broken l i n e  curve.  This  d e v i a t i o n  i s  t o  b e  expla ined  by t h e  e f f e c t  of v i s -  
c o s i t y  which t h e  formula does not show. I n  t h e  f u r t h e r  cour se  above R e  = 3 200'10 The measured va lues  of S tan ton  and 
Panne l l  are i n  good agreenent  with o u r s  t o  log  R e  = 4.2. 
t h e r e  i s  a n  a l m r l s t  constar.: d e v i a t i o n .  
by t h e  methoti ~f L-aSTxrment. 
x n t a r y  measurements a t  d i f f e r e n t  Reynolds numbers 20d u p s t r e a m  of t h e  tl:resh- 
o l d  c r o s s  s e c t i o n ,  which y i e l d e d  t h e  same v a l u e s  as our  ea r l i e r  measurements. 

The upper l i m i t  of l aminar  
f low is a t  l o g  R e  = 3.1, corresponding t o  a Reynolds number of R e  = 12.6*103. 3 

t h e  agreement i s  r a t h e r  good. 
Above t h i s  l i m i t ,  

w e  undertook supple-  
This  d e v i a t i o n  is  c e r t a i n l y  caused 

A s  mentioned on page 
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SUIDIARY 

The object, of, the present study was,to investigate the mathematical 
relationships of ;turbulent flows in smooth pipes in the greatest possible 

. range of Reynolds numb,ers. For this purpose, an experimental setup was con- 
structed for determinat'on of turbulent water flows in circular pipes up to 
Reynolds number 3240*10 . 
utions and pressure gradients the following was established: 

3 By evaluation of the measured velocity distrib- 

1. .The form of the velocity distribution changes with the Reynolds 
number. With increasing Reynolds number the velocity distribution is fuller 

and those of Stanton with our measurements produced good agreement. 
and fuller. Comparison of the velocity distributions measured by - / 3 5  

2. The exponent n of the Prandtl law of exponentials (u = ay", if y = -: 
distance from the wall) has the fixed value of n = 1/7 in the Blasius 
reslstanm range up t o  Re = 100'103. 
exponent is greater than 1/7. 
creafmg Reynolds number there is obser ed a decrease of exponent n. At 
the highest Rcynolds number Re=3240*10 , exponent n reaches the value of 
1/10. Since characteristic magnitudes for turbulent flow in the vicinity 
of the wall are made dimensionless: ' to = shearing stress at the wall, v = 
kinematic viscosity, 8 = density, there is i! valid law of velocity dis- 
tribution for all Reynolds numbers in the zone near the wall 

At very low Reynolds numbers, the 
Above Reynolds number. Re = 100'103, with in- 

Y 

For sufficiently high values of r~ (above T-I = 10) 
-\ 

I$ = A + B log r i  

is sufficiently exact (A and B are universal constants). 

3.  The turbulent exchange magnitude was determined as a function of 
wall distance. 

shows that above Re 100*10 the distribution of exchange magnitudes over the 
cross-section is independent of the Reynolds number. Below this Reynolds 
number,' this distribution is very pronouncedly dependent upon the Re;.nolds 
number. For the Prandtl mixing length that is related to the turbulent 
impulse exchange, it was found that the ratio l/r for each point of the cross- 
sectiog decreases with increasing Reynolds number. 
100'10 , the dimensionless mixing length distrihution l/r = f(y/r! i s  in- 
dependent of the Reynolds number. The independence indicates that +he effect- 
of viscosity is no longer present above this Reynolds number. 

The dimensionless plotting of as a function of y/r 
v*r 3 

If Re exceeds the valua 
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compared wi th  von Kdrmdn's c a l c u l a t e d  d i s t r i b u t i o n  based on h i s  hypo thes i s  of 
s i m i l a r i t y  and were found to be  i n  good agreement wi th  t h i s  d i s t r i b u t i o n  i n  
t h e  range of  h i g h e s t  Reynolds numbers where t h e  e f f e c t  of v i s c o s i t y  i s  
a b s e n t .  

I n  connec t ion  wi th  t h e  von Kdrmdn s i m i l a r i t y  hypo thes i s ,  'new t h e o r i e s  
of P r a n d t l  and Betz are r e p o r t e d .  

5. I f  A = - - -  d p  2 d  i s  the  p i p e  c o e f f i c i e n t  of r e s i s t a n c e ,  t h e r e  
. d x  Q ?? 

i s  conf i rma t ion  of t h e  B l a s i u s  formula f o r  r e s i s t a n c e  A B  = 0.316 up t o  
L R e  1 / 4  

Reynolds number 100'10':'. For higher  numbers t h e r e  is  t h e  formula 

I n  connec t ion  w i t h  t h e  von KArmdn resistance formula and ours, r e l a t i o n -  
s h i p s  between t h e  mean v e l o c i t y  ;and  maximum v e l o c i t y  r w e r e  determined 
which i n d i c a t e d  new c o r r e l a t i o n s  of t h e  v a r i o u s  formulas .  
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